
Financial Frictions and Export Dynamics in Large
Devaluations: Online Appendix

(For Online Publication)

David Kohn, Fernando Leibovici, Michal Szkup

December 2017

1



Contents

1 Additional results 3
1.1 Shocks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Shocks decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 Same shocks in both models . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.4 Trade balance dynamics in the model and in the data . . . . . . . . . . . . . 7
1.5 Baseline vs. No reallocation vs. One-type model . . . . . . . . . . . . . . . . 8

2 Additional Evidence 11
2.1 Industry-level adjustment and external finance dependence . . . . . . . . . . 11

3 Sensitivity Analysis 12
3.1 Interest Rate Parity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.2 Alternative Distribution of Foreign-Denominated Debt . . . . . . . . . . . . 12

3.2.1 Calibration of λ and λX . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.2.2 Industry-level data . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.3 Financial Crisis Shock . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

4 Analytical Solution and Derivations 20
4.1 Entrepreneur’s Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

4.1.1 Original problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
4.1.2 Reformulated Problem . . . . . . . . . . . . . . . . . . . . . . . . . . 21

4.2 Analytical Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.2.1 Static Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.2.2 Firm-level elasticity of foreign sales . . . . . . . . . . . . . . . . . . . 26
4.2.3 Export-entry decision . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4.3 Aggregate Export Elasticity . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

5 Numerical Solution Algorithm 32
5.1 Dynamic Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
5.2 Stationary Equilibrium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

5.2.1 Stationary measure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
5.2.2 Equilibrium prices and quantities . . . . . . . . . . . . . . . . . . . . 34

5.3 Transitional Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2



1 Additional results

In this section, we show additional results and sensitivity analysis that complement those
presented in the paper.

1.1 Shocks

In the main quantitative exercise of the paper, described in section 5.4, we investigate
the extent to which financial frictions and balance-sheet effects can account for the dynamics
of aggregate exports observed in the data. Since many shocks might have hit Mexico during
its large devaluation in 1994, we consider a broad array of shocks and use the data targets
(real exchange rate, ratio of investment to output, and real GDP) to identify them.

To understand the role played by borrowing constraints and foreign-denominated debt
in shaping the response of the economy, we contrast the dynamics implied by our baseline
model with the dynamics implied by its frictionless counterpart. This alternative model is
calibrated separately and is subject to an alternative sequence of shocks to pm,t, rt, and At,
chosen to ensure that it also matches the dynamics of the real exchange rate, investment,
and real GDP observed in the data.

Figure 1: Shocks to price of imports, aggregate productivity, and interest rate

−1 0 1 2 3
−0.5

−0.25

0

Price of imports, p
m

Years

 

 

Baseline Frictionless

−1 0 1 2 3
−0.05

0

0.05
Aggregate productivity, A

Years

−1 0 1 2 3
0

0.05

0.1

Real interest rate, r

Years

Figure 1 contrasts the sequence of shocks in the baseline economy to those in the fric-

3



tionless setup. The figure plots, for each variable, the difference between its value at year
t after the devaluation (t = 0 is the devaluation period) and its initial steady state value
(t = −1). Since pm,−1 = 1 and A−1 = 1, these differences can be interpreted as percentage
changes with respect to the initial steady state value. For the real interest rate, the figure
reports the percentage points change with respect to the initial steady state value.

As shown in the figure, the shocks to the price of imports are almost identical in both
economies. These shocks allow the models to match the large devaluation observed in the
data. The shocks to aggregate productivity move in opposite directions at the moment of the
devaluation, but as we show below, these shocks only helps the model marginally to match
the dynamics of real GDP. Finally, the increase in the real interest rate is much sharper in
the baseline model than in the frictionless counterpart, but the differences are attenuated
once one accounts for the effect of the real exchange rate on the effective interest rate faced
by entrepreneurs in the baseline model.

1.2 Shocks decomposition

Figure 2: Shocks decomposition
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In the quantitative analysis, we choose the shocks to the price of imports, aggregate
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productivity and real interest rate to match the joint dynamics of the real exchange rate,
real GDP and investment observed in the data. In this section, we examine the individual
importance of each of these shocks to match each of the targets in the baseline model.

Figure 2 plots the dynamics of the real exchange rate, real GDP and the ratio of invest-
ment to output in the model in response to three different sequence of shocks: (i) the ones
we feed in the baseline calibration (“Baseline”); (ii) the same shocks to pm and r as in the
baseline calibration but keeping A fixed at its initial steady state value (“Only pm and r
shocks”); and (iii) the same shock to pm as in the baseline calibration but keeping A and r
fixed at their initial steady state values (“Only pm shocks”).

As can be seen in Figure 2, shocks to the price of imports play a key role in accounting
for the dynamics of the real exchange rate observed in the data. The economy with just
shocks to the price of imports can largely replicate the behavior of the real exchange rate.
These might be interpreted as terms-of-trade shocks. However, the model with just shocks
to the price of imports cannot reproduce the severity of the recession or the sharp drop
in investment observed at the moment of the devaluation, and displays a counter-factually
fast recovery of real GDP. Once we allow for shocks to the real interest rate in addition to
the price of imports, the model is able to reproduce the dynamics of investment and the
real exchange rate, although it displays a smoother behavior of real GDP than observed in
the data. Finally, the baseline model, which also features aggregate productivity shocks to
entrepreneurs, matches the three targets in the data almost exactly.

1.3 Same shocks in both models

We believe that separately calibrating the shocks to match the dynamics of the empirical
targets moments provides the sharpest comparison between the baseline and its frictionless
counterpart, making them look as close as possible to each other from the lens of these
moments. However, an alternative exercise would be to contrast the dynamics implied by
these models when both are subject to the same shocks. Therefore, in Figure 3, we present
the results of this alternative exercise, restricting attention to the set of shocks estimated to
match the empirical targets in our baseline model.

Figure 3, Panel A, plots the percentage deviation of the real exchange rate from its pre-
devaluation, steady-state level for the baseline economy, the frictionless economy, and the
data. The figure shows that the same sequence of shocks does a good job in both models to
match the observed dynamics in the data.

Similarly, Panel B of Figure 3 plots the percentage deviation of real GDP from its pre-
devaluation, steady-state level for each of these economies. Consistent with the data, we
measure real GDP as a Laspeyres quantity index, keeping prices fixed at their pre-devaluation
levels and adjusting quantities over time. On the one hand, real GDP in the baseline model
matches closely the dynamics observed in the data, by construction. On the other hand,
real GDP in the frictionless economy matches closely the recession at the time of the large
devaluation, but then recovers slower than in the data.

Finally, Panel C of Figure 3 shows the change in the investment-to-GDP ratio from its pre-

5



Figure 3: Real exchange rate, real GDP, investment, and exports elasticity
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devaluation level. Our baseline model with financial frictions and balance-sheet effects can
closely match the dynamics of the investment-to-GDP ratio observed in the data. However,
the frictionless setup subject to the same shocks than the financial frictions economy displays
a much sharper and prolonged drop in the investment-to-output ratio, and starts recovering
only two years after the large devaluation. Notice that the real interest rate sequence that
we feed into the frictionless setup is the same that we feed to the baseline economy, adjusted
for the effect of the real exchange rate: the only difference between both models is that in
the baseline economy, firms face an additional financing wedge due to financial frictions.

Panel D of Figure 3 shows the response of aggregate exports in the baseline and friction-
less models. We find that the absolute percentage deviation between the exports elasticity
implied by our baseline model and the data is only 17% lower than implied by the frictionless
model, even less than what we found in the main experiment in the paper. Thus, financial
frictions and balance sheet effects modestly improve the fit of the model along this dimension,
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suggesting that the slow growth of exports following a large devaluation is not significantly
accounted by them. Thus, this finding is robust to either choosing shocks separately in both
models to match the same targets, or choosing the same shocks in both models to match the
empirical targets in the baseline economy.

1.4 Trade balance dynamics in the model and in the data

Given our focus on the dynamics of aggregate exports, a set of moments that may serve
as validation are the dynamics of the current account after large devaluations. The cur-
rent account is a key aggregate variable in general equilibrium models with preferences for
intertemporal consumption smoothing and is one of the key variables observed by policy
makers in response to aggregate shocks. In particular, the dynamics of the current account
in our model capture changes in international borrowing and lending around this episode.

While the model features a rich export structure with endogenous choices both in the
intensive and extensive margin, the import side is much more stylized. Notwithstanding this
simplification, the model does a decent job at replicating the reversal of the current account
in the data, as shown in Figure 4.

Figure 4: Trade dynamics in the model and in the 1994 Mexican devaluation
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Figure 4 shows the dynamics of the trade balance, as a share of GDP, during Mexico’s
large devaluation both in the data and in the baseline model. Our measure of the trade
balance in the data is the trade balance of goods in terms of GDP, in current US dollars,
from the World Bank. Both in the data and in the model there is a trade balance reversal
at the period of the devaluation, when the trade balance jumps from a deficit of 2.6% of the
GDP to a surplus of 4.2% (6%) in the data (model). Thereafter the trade balance reverts

7



to a deficit faster in the data than in the model. Nevertheless, the overall dynamics are
qualitatively similar in the model and the data.

1.5 Baseline vs. No reallocation vs. One-type model

In Section 6 of the paper we report the aggregate export elasticity dynamics correspond-
ing to two counter-factual economies: an economy in which exporters have no margin to
reallocate sales across markets in response to shocks (“No reallocation”), and an economy
with just one type of firms featuring a higher degree of reallocation than our baseline model
(“One type”).

We now complement the results presented in the paper by reporting the implications
of these economies for the dynamics of the three series targeted in the estimation of the
aggregate shocks: (i) the real exchange rate, (ii) real GDP, and (iii) the investment to GDP
ratio.

Figures 5 and 6 report the dynamics of these variables corresponding to the economy
with no reallocation and one type of firms, respectively. As in the baseline economy, in both
of these counter-factual economies we are able to choose the shocks to the price of imports,
aggregate productivity, and the interest rate to account well for the dynamics of the real
exchange rate, real GDP, and the investment to GDP ratio.
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Figure 5: Model with no reallocation
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Figure 6: Model with one type of firms
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2 Additional Evidence

2.1 Industry-level adjustment and external finance dependence

The model above implies that financial frictions slow down the response of exports fol-
lowing large devaluations. To examine the extent to which financial frictions indeed slow
down the adjustment of exports in the data, we now contrast the dynamics of exports across
industries with differential degrees of dependence on external finance (Rajan and Zingales,
1998). Even though the model does not feature multiple industries, we exploit cross-industry
variation in finance-intensity to identify the causal impact of financial constraints on the ad-
justment of exports.

To do so, we use Mexican firm-level data from 1994 to 1999 to compute the growth
of exports across industries one year and five years after the devaluation. To the extent
that financial frictions slow down the growth of exports, industries with lower external fi-
nance dependence should feature higher exports growth one year after the devaluation than
their high-external-finance-dependence counterparts. Moreover, our mechanism also implies
that exports growth five years after the devaluation should not differ systematically across
industries based on their external finance dependence.

Figure 7 shows the implications of our mechanism are indeed observed in the data.
Industries with high external finance dependence grow relatively less than their low-external-
finance-dependence counterparts one year after the devaluation. However, as shown in Panel
B, there is no systematic relationship between exports growth and finance-intensity five years
after the devaluation. We interpret these findings as evidence in support of the qualitative
impact of financial frictions on the dynamics of exports following large devaluations.

Figure 7: Industry-level exports growth and external finance dependence
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3 Sensitivity Analysis

In this section, we present several robustness exercises that complement the findings
presented in the paper. We first investigate whether the non-fulfillment of the interest rate
parity condition in the model is relevant for our results. We then study whether alternative
assumptions on the distribution of foreign-denominated debt affect the main quantitative
implications of the model. Finally, we investigate the response of the economy to alternative
shocks: (i) A labor tax that reduces the after-tax income of the agents, reducing aggregate
demand for the domestic final good and inducing a real depreciation; and (ii) shocks to the
collateral constraint parameter that tighten the financial constraint and induce a “financial
crisis.”

3.1 Interest Rate Parity

In the first exercise, we re-do the exercise in section 5.4 in the paper under assumptions
such that interest parity holds every period after the initial unexpected shock. To do so,
we assume that after the devaluation hits in the baseline economy, all agents change their
portfolios to just hold domestic debt (i.e. we set λ = 1 for all firms after period 2, as in the
frictionless economy). Therefore, the only effect of foreign-denominated debt is in period 2
when agents are surprised by the devaluation; similarly, the only period where interest rate
parity (IRP) does not hold is also period 2, when the shocks hit. We recalibrate the shocks
for this economy, following the same approach as for the baseline economy.

As shown in Figure 8, this economy delivers qualitatively similar implications as the
baseline economy. In particular, the exports elasticity increase is lower on impact, but
higher two years after the large devaluation. This exercise allows us to disentangle the
“balance-sheet” effects on the net worth of firms from the effects of the change in the real
exchange rate through their effect on the cost of borrowing. In this case, while the “IRP”
model displays a slower adjustment, it is still a modest change with respect to our baseline.
Thus, we conclude that financial frictions and balance sheet effects have a small effect as a
driver of the slow increase of the exports elasticity observed in the data.

3.2 Alternative Distribution of Foreign-Denominated Debt

We now investigate the extent to which alternative assumptions on the distribution of
foreign-denominated debt may affect the model’s implications for the dynamics of aggre-
gate exports in large devaluations. We consider three alternative distributions of foreign-
denominated debt: (i) an economy in which low-export-cost firms have more foreign-denominated
debt (100% of the debt denominated in foreign units) than high-export-cost firms (50% of
the debt denominated in foreign units);1 (ii) an economy in which all debt is denominated
in domestic units; and (iii) an economy in which all debt is denominated in foreign units.
The implications of these alternative distributions of foreign-denominated debt for the ex-

1These values are calibrated based on the joint distribution of the share of foreign-denominated debt in
total debt and the share of firms with high export intensity across Mexican industries in 1994. See next
section.
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Figure 8: Export Elasticity: Baseline vs. Baseline with IRP
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port elasticity are presented in Figure 9, jointly with the one assumed under our baseline
calibration (55% of the debt denominated in foreign units for both types of firms).

We find that the dynamics of the export elasticity is largely identical across the alter-
native debt distributions that we consider, suggesting that balance-sheet effects do not play
a significant role in driving aggregate export dynamics. This finding is driven by the real-
location channel and by general equilibrium effects that operate through the labor market.
In economies with a high share of foreign-denominated debt, devaluations lead to stronger
negative balance-sheet effects, affecting non-exporters more than exporters. Therefore, non-
exporters decrease labor demand relative to exporters, benefiting the latter via general equi-
librium effects and offsetting the impact of foreign-denominated debt on exports.

3.2.1 Calibration of λ and λX

We now describe a calibration strategy for an economy with two potentially different com-
positions of debt for firms type 1 (λ1) and type 2 (λ2).

Since we don’t have firm-level data on the currency composition of debt, we assume that
this composition is fixed among firms in each of our two groups, but differ between groups.
Recall that firms of type 1 are those with export intensity below a given threshold and the
remaining firms are of type 2.

For industry J , the currency composition of debt between domestic currency debt (DCJ)
and foreign currency debt (FCJ) is given by:

FCJ
FCJ +DCJ

=
∑
i∈J

FCi
FCi +DCi

FCi +DCi
FCJ +DCJ

=
∑
i∈J1

FCi
FCi +DCi

FCi +DCi
FCJ +DCJ

+
∑
i∈J2

FCi
FCi +DCi

FCi +DCi
FCJ +DCJ

=λ1
∑
i∈J1

FCi +DCi
FCJ +DCJ

+ λ2
∑
i∈J2

FCi +DCi
FCJ +DCJ

FCJ
FCJ +DCJ

=λ1
(FC +DC)J1
(FC +DC)J

+ λ2

(
1− (FC +DC)J1

(FC +DC)J

)
where

(FC+DC)J1
(FC+DC)J

is the share of total debt among firms of type 1 (low export intensity), λ1
is the average export intensity of firms type 1, and λ2 is the average export intensity of firms
type 2.

We have data on the currency composition of debt by sector, so if we had data on the
share of debt among firms of type 1 out of total debt, we could find λ1 and λ2. Since there
are two unknowns, we need at least data for two different sectors. With more than two
sectors, we can find the two values that minimize the distance between the shares of foreign
debt per industry implied by the formula above and the ones observed in the data.
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Figure 9: Alternative Distribution of Foreign-Denominated Debt
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Finally, since we don’t have data on the share of debt for each group, we will instrument
for these ratios. Notice that:

(FC +DC)J1
(FC +DC)J

=
nJ1 (FC +DC)J1

nJ1 (FC +DC)J1 + nJ2 (FC +DC)J2
(FC +DC)J1
(FC +DC)J

=
nJ1

nJ1 + nJ2 + nJ2

(
(FC+DC)J2
(FC+DC)J1

− 1
)

where nJ1 and nJ2 are the number of firms in each industry J with low and high export-
intensity, respectively.

Finally, we assume that the ratio of average total debt of firms with high export-intensity
to that of those with low export-intensity, can be approximated by the ratio of average sales.
That is,

(FC +DC)J2
(FC +DC)J1

=
sales

2

J

sales
1

J

In our preferred calibration for λ and λX : We use total credit by commercial banks; we
approximate the share of total debt by type 1 firms by their share of total sales; we choose
lambdas to minimize the distance of each industry in our sample to a straight line, with
the same weight to each industry; we use all 9 industries in our sample. We have done
different robustness tests: (i) Using total credit by commercial and development banks; (ii)
approximating total debt by type 1 by share of exports, share of domestic sales, and share
of exporters; (iii) weighting industries by total sales, total credit, number of firms; including
in our sample the total manufactuing, dropping industry B.4 (zero firms with high X/Y),
dropping industries 3 (few firms), 4 (no firms with high X/Y) and 9 (few firms), or using
just bottom and top industries by share of foreign currency credit. We obtain very similar
results for most of these specifications.

3.2.2 Industry-level data

The data that we use to estimate λ1 and λ2 is presented in Table 1.
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Table 1: Industry-level data

Manuf. B1 B2 B3 B4 B5 B6 B7 B8 B9 Av. St.Dev.

Total credit
Commercial Banks 109894 22794 16112 3503 4147 15450 8327 9005 19485 11071 12210.4 6690.9

Comm. & Dev. Banks 120849 30067 16276 3573 4999 15659 8639 10381 19937 11318 13427.7 8194.1

Foreign currency credit / Total credit
Commercial Banks 0.55 0.55 0.61 0.31 0.44 0.71 0.44 0.82 0.44 0.46 0.53 0.16

Comm. & Dev. Banks 0.53 0.43 0.61 0.30 0.53 0.71 0.46 0.84 0.45 0.46 0.53 0.16

Firm-level data (INEGI)
Firms 4779 887 766 177 384 976 341 112 1083 53 531 399

Exporters 1547 208 202 25 88 385 87 53 475 24 172 162.5
Share of exporters 0.324 0.234 0.264 0.141 0.229 0.394 0.255 0.473 0.439 0.453 0.320 0.120

Exporters high X/Y / Exporters 0.043 0.063 0.025 0.045 0.003 0.031 0.041 0.071 0.061 0.057 0.044 0.022
Sales high X/Y / Sales 0.115 0.018 0.016 0.058 0.001 0.064 0.028 0.152 0.277 0.032 0.072 0.089
Exp. high X/Y / Exp. 0.529 0.384 0.186 0.513 0.049 0.339 0.289 0.630 0.602 0.208 0.356 0.197

Dom. high X/Y / Dom. 0.026 0.002 0.003 0.008 0.000 0.017 0.002 0.042 0.080 0.009 0.018 0.027

List of 1-digit industries: Manufacturing Industry (B1 to B9); B1. Nutritional Products, Drink and
Tobacco; B2. Textiles, articles to dress and train of the Leather; B3. Industry of the Wood and Wood
Products; B4. Paper, Products of Paper, Press and Editorials; B5. Chemical Substances derived form
Petroleum, Rubber and Plastic; B6. Mineral Products Non-metallic Except Refuel and Coal; B7. Basic
Metallic Industries; B8. Metallic Products, Machinery and Equipment; B9. Other Manufacturing
Industries.
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3.3 Financial Crisis Shock

Many of the large devaluation episodes analyzed in Section 2 have been accompanied
by banking crises. A financial crisis could potentially worsen the economic consequences
brought about by a large devaluation. In this section we examine the potential impact of
this channel on our findings.

To do so, we re-compute our main experiment under an alternative set of shocks. In
contrast to the baseline model, we consider shocks to the price of imports, aggregate pro-
ductivity, and the fraction of collateralizable assets θ. We interpret shocks to θ as capturing
the impact of a financial crisis on firms’ decisions. Figure 10 shows the sequence of shocks
that we estimate, and contrasts them with those estimated in the baseline experiment.

Figure 11 reports the implications of our model under these alternative shocks. We find
that the model implies dynamics of the real exchange rate, real GDP, and investment that
are close to the data. Moreover, we find that the implications of these shocks for aggregate
export dynamics are close to those under the baseline experiment.

Figure 10: Shocks to price of imports, aggregate productivity, and collateral
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Figure 11: Model with shocks to θ
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4 Analytical Solution and Derivations

In this Section, we: (1) reformulate the entrepreneur’s problem, (2) solve the static
problem, (3) compute the firm-level elasticity of foreign sales to changes in the real exchange
rate, (4) characterize firms’ export-entry decisions, and (5) compute the aggregate elasticity
of export to changes in the real exchange rate. This Section includes derivations of all the
equations that appear in Section 4 of the paper.

4.1 Entrepreneur’s Problem

4.1.1 Original problem

v (k, d, z) = max
c,a′≥0

c1−γ

1− γ
+ βEz′ [g (a′, z′)]

subject to

c+ a′ + d

[
λ+ (1− λ)

ξ

ξ−1

]
= w + (1− δ)k + π(k, z)

where

π (k, z) = max
ph,yh,pf ,yf ,n,e∈{0,1}

phyh + eξfyf − wn− ewF

subject to

yh + τyf = Azkαn1−α

yh = (ph)
−σ y

yf = (pf )
−σ Ȳ ∗

where:

g(a′, z′) = max
k′,d′

v(k′, d′, z′)

subject to

a′ = k′ − d′

1 + r

d′
[
λ+ (1− λ)

ξ′

ξ

]
≤ θk′
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4.1.2 Reformulated Problem

g(a, z) = max
c,a′≥0

c1−γ

1− γ
+ βEz′ [g (a′, z′)]

subject to

c+ a′ = w + π(a, z) + a(1 + r)

[
λ+ (1− λ)

ξ

ξ−1

]
where

π (a, z) = max
ph,yh,pf ,yf ,k,n,e∈{0,1}

phyh + eξyf − wn− ewF − k
{

(1 + r)

[
λ+ (1− λ)

ξ

ξ−1

]
− (1− δ)

}
subject to

yh + τyf = Azkαn1−α

yh = (ph)
−σ Yh

yf = (pf )
−σ Yf

k ≤ a
(1 + r)

[
λ+ (1− λ) ξ

ξ−1

]
(1 + r)

[
λ+ (1− λ) ξ

ξ−1

]
− θ

4.2 Analytical Solution

4.2.1 Static Problem

π(a, z) = max
{e′,ph,yh,pf ,yf ,n,k}

phyh + e′ξpfyh − wn− (r̃ + δ)k

s.t.

yh = (ph)
−σYh

yf = (pf )
−σYf

yh + τyf = zkαn1−α

k ≤ 1 + r̃

1 + r̃ − θ
a

where, for simplicity, we assume that A = 1 for the rest of this section.
The Lagrangian associated with the above problem is given by

L = y
σ−1
σ

h Y
1
σ
h + e′ξy

σ−1
σ

f Y
1
σ
f − wn− (r̃ + δ)k + γ(zkαn1−α − yh − τyf ) + µ

(
1 + r̃

1 + r̃ − θ
a− k

)
,

where γ is the Lagrange multiplier on the technology constraint (i.e., production function)
and µ is the Lagrange multiplier on the borrowing constraint.
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At this point, we will need to consider separately four cases: (1) the case of an uncon-
strained exporter (e′ = 1, µ = 0), (2) the case of a constrained exporter (e′ = 1, µ > 0),
(3) the case of an unconstrained non-exporter (e′ = 0, µ = 0), and finally (4) the case of a
constrained non-exporter (e′ = 0, µ > 0).

Unconstrained Exporters The first-order conditions for the unconstrained exporters’
problem are

σ − 1

σ
y
− 1
σ

h Y
1
σ
h − γ = 0(1)

σ − 1

σ
y
− 1
σ

f Y
1
σ
f − γ = 0(2)

−w + γ(1− α)zkαn−α = 0(3)

−(r̃ + δ) + γαzkα−1nα = 0,(4)

and the associated complementary slackness conditions is

γ(zkαn1−α − yh − τyf ) = 0(5)

To solve the above system of equations use F.O.C.s for n and k to express n in terms of
k. Use this expression in the F.O.C. for k to obtain an expression for γ

γ =
1

z

(
w

1− α

)1−α(
r̃ + δ

α

)α
(6)

We can use this expression for γ in F.O.C.s for yd, yf to compute optimal domestic and
foreign sales. It is then easy to show that

pdyd =

(
σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ

)α]σ−1
zσ−1Yh(7)

pfyf =

(
σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ

)α]σ−1
zσ−1

ξσ−1

τσ−1
Yf(8)

Using the complementary slackness condition we can compute optimal k and then recover
optimal n. Following these steps we obtain

k =

(
σ − 1

σ

)σ [(
1− α
w

)1−α(
α

r̃ + δ

)α]σ−1
α

r̃ + δ
zσ−1

(
Yh +

ξσ

τσ−1
Yf

)
(9)

n =

(
σ − 1

σ

)σ [(
1− α
w

)1−α(
α

r̃ + δ

)α]σ−1
1− α
w

zσ−1
(
Yh +

ξσ

τσ−1
Yf

)
(10)
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Finally, we can compute the total optimal profits of an unconstrained exporters.

πx(a, z) =
1

σ

(
σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ

)α]σ−1
zσ−1

(
Yh +

ξσ

τσ−1
Yf

)
(11)

This completes the solution to the static profit maximization problem of an unconstrained
exporter.

Constrained Exporters We now characterize the optimal choices of constrained exporters.
In what follows we use µx to denote the Lagrange multiplier on the borrowing constraint of
an exporter. The first-order conditions for the constrained exporters’ problem are

σ − 1

σ
y
− 1
σ

h Y
1
σ
h − γ = 0(12)

σ − 1

σ
y
− 1
σ

f Y
1
σ
f − γ = 0(13)

−w + γ(1− α)zkαn−α = 0(14)

−(r̃ + δ) + γαzkα−1nα − µx = 0,(15)

and the associated complementary slackness conditions are

γ(zkαn1−α − yh − τyf ) = 0(16)

µx

(
1 + r̃

1 + r̃ − θ
a− k

)
= 0(17)

Note that the F.O.C conditions for the problem of constrained exporter are almost identical
to those of an unconstrained exporters. The only difference is that now in the F.O.C. for
capital the Lagrange multiplier µx shows up. However, if we treat µx + r̃ + δ as the rental
rate of capital (instead of just r̃ + δ) then we can follow the same steps as above to express
pdyd, pfyf , k and n in terms of structural parameters and the Lagrange multiplier µx.

Following the same steps as in the case of unconstrained exporters we obtain

pdyd =

(
σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ + µx

)α]σ−1
zσ−1Yh(18)

pfyf =

(
σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ + µx

)α]σ−1
zσ−1

ξσ−1

τσ−1
Yf(19)

k =

(
σ − 1

σ

)σ [(
1− α
w

)1−α(
α

r̃ + δ + µx

)α]σ−1
α

r̃ + δ + µx
zσ−1

(
Yh +

ξσ

τσ−1
Yf

)
(20)

n =

(
σ − 1

σ

)σ [(
1− α
w

)1−α(
α

r̃ + δ + µx

)α]σ−1
1− α
w

zσ−1
(
Yh +

ξσ

τσ−1
Yf

)
(21)
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To find the expression for µx, note that if a firm is financially constrained then

k =
1 + r̃

1 + r̃ − θ
a

Thus, it has to be the case that the two expressions for k are the same, that is

1 + r̃

1 + r̃ − θ
a =

(
σ − 1

σ

)σ [(
1− α
w

)1−α(
α

r̃ + δ + µx

)α]σ−1
α

r̃ + δ + µx
zσ−1

(
Yh +

ξσ

τσ−1
Yf

)
Solving the above equation for r̃ + δ + µx we obtain

r̃ + δ + µx = α

[(
σ − 1

σ

)σ (
1− α
w

)(1−α)(σ−1)

zσ−1
(
Yh + ξσ

τσ−1Yf
)

1+r̃
1+r̃−θa

] 1
α(σ−1)+1

,(22)

The profits of a constrained exporters are given by

πx(a, z) =

(
σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ + µx

)α]σ−1
zσ−1

(
Yh +

ξσ

τσ−1
Yf

)
(23)

×
[
1− σ − 1

σ

(
(1− α) + α

r̃ + δ

r̃ + δ + µx

)]
Unconstrained Non-Exporters We consider no unconstrained non-exporters. The first-
order conditions for the constrained non-exporters’ problem are

σ − 1

σ
y
− 1
σ

h Y
1
σ
h − γ = 0(24)

−w + γ(1− α)zkαn−α = 0(25)

−(r̃ + δ) + γαzkα−1nα = 0,(26)

and the associated complementary slackness conditions is

γ(zkαn1−α − yh) = 0(27)

Following the same steps as in the case of unconstrained exporters, we find that the
optimal domestic sales pdyd, optimal capital k, and the optimal labor n are given by

pdyd =

(
σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ

)α]σ−1
zσ−1Yh(28)

k =

(
σ − 1

σ

)σ [(
1− α
w

)1−α(
α

r̃ + δ

)α]σ−1
α

r̃ + δ
zσ−1Yh(29)

n =

(
σ − 1

σ

)σ [(
1− α
w

)1−α(
α

r̃ + δ

)α]σ−1
1− α
w

zσ−1Yh(30)
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The profits of an unconstrained non-exporter with net worth a and productivity z are given
by

πnx(a, z) =
1

σ

(
σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ

)α]σ−1
zσ−1Yh(31)

Constrained Non-Exporters Consider now constrained non-exporters and let µnx denote
the Lagrange multiplier on the borrowing constraint of a non-exporter. The F.O.C.s for this
case are given by:

σ − 1

σ
y
− 1
σ

h Y
1
σ
h − γ = 0(32)

−w + γ(1− α)zkαn−α = 0(33)

−(r̃ + δ) + γαzkα−1nα − µnx = 0,(34)

and the associated complementary slackness conditions is

γ(zkαn1−α − yh) =0(35)

µnx

(
1 + r̃

1 + r̃ − θ
a− k

)
=0(36)

Following the same steps as in the case of constrained exporters we arrive at the following
optimal choices for domestic sales, capital, and labor:

pdyd =

(
σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ + µnx

)α]σ−1
zσ−1Yh(37)

k =

(
σ − 1

σ

)σ [(
1− α
w

)1−α(
α

r̃ + δ + µnx

)α]σ−1
α

r̃ + δ + µnx
zσ−1Yh(38)

n =

(
σ − 1

σ

)σ [(
1− α
w

)1−α(
α

r̃ + δ + µnx

)α]σ−1
1− α
w

zσ−1Yh(39)

It follows that the optimal profits of a constrained non-exporters are given by

πnx =

(
σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ + µnx

)α]σ−1
zσ−1Yh(40)

×
[
1− σ − 1

σ

(
(1− α) + α

r̃ + δ

r̃ + δ + µnx

)]
Finally, equating the expression for capital obtained above with the amount of capital implied
by the borrowing constraint we obtain an expression for r̃ + δ + µnx:

r̃ + δ + µnx = α

[(
σ − 1

σ

)σ (
1− α
w

)(1−α)(σ−1)

zσ−1
Yh

1+r̃
1+r̃−θa

] 1
α(σ−1)+1

,(41)
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4.2.2 Firm-level elasticity of foreign sales

Before we derive firm-level elasticity of foreign sales, it is convenient to compute the effect
of a change in ξ on the borrowing constraints, the Lagrange multiplier µ, and the cost of
capital r̃ + δ.

First, we investigate how an increase in log ξ affects the borrowing constraint. We have:

∂

∂ log ξ

[
1 + r̃

1 + r̃ − θ
a

]
= −θ

(1− λ)(1 + r) ξ
ξ−1

(1 + r̃)(1 + r̃ − θ)
(42)

Next, we consider the effect of an increase in log ξ on the cost of capital as captured by r̃+δ.
We have:

∂ log (r̃ + δ)

∂ log ξ
=

(1− λ)(1 + r) ξ
ξ−1

r̃ + δ
(43)

Finally, the effect of an increase in ξ on r̃ + δ + µx is given by

∂ log (r̃ + δ + µx)

∂ log ξ
=

σ

α(σ − 1) + 1

ξσ

τσ−1Yf

Yh + ξσ

τσ−1Yf
+

θ

α(σ − 1) + 1

(1− λ)(1 + r) ξ
ξ−1

(1 + r̃)(1 + r̃ − θ)
(44)

where
(

ξσ

τσ−1Yf
)
/
(
Yh + ξσ

τσ−1Yf
)

is export intensity.
With these result in hand, we can now compute the elasticity of foreign sales for contin-

uing exporters. Consider first unconstrained exporters. From Equation (8) we see that

log(pfyf ) =(σ − 1) log

(
σ − 1

σ

)
+ (1− α)(σ − 1) log

(
1− α
w

)
+ α(σ − 1) logα

+ (σ − 1) log z − (σ − 1) log τ + log Yf − α(σ − 1) log(r̃ + δ) + (σ − 1) log ξ

Thus, it follows that the elasticity of foreign sales of an unconstrained exporter is given by

∂ log pfyf )

∂ log ξ
= (σ − 1)− α(σ − 1)

∂ log(r̃ + δ)

∂ log ξ

= (σ − 1)− α(σ − 1)
(1− λ)(1 + r) ξ

ξ−1

r̃ + δ
(45)

Consider now constrained exporters. From Equation (19) we see that

log(pfyf ) =(σ − 1) log

(
σ − 1

σ

)
+ (1− α)(σ − 1) log

(
1− α
w

)
+ α(σ − 1) logα

+ (σ − 1) log z − (σ − 1) log τ + log Yf − α(σ − 1) log(r̃ + δ + µx) + (σ − 1) log ξ
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Thus, it follows that the elasticity of foreign sales of a constrained exporter is given by

∂ log pfyf )

∂ log ξ
= (σ − 1)− α(σ − 1)

∂ log(r̃ + δ + µx)

∂ log ξ

= (σ − 1)− α(σ − 1)

[
σ

α(σ − 1) + 1
× (Export Intensity)

]
(46)

− α(σ − 1)

[
θ

α(σ − 1) + 1

(1− λ)(1 + r) ξ
ξ−1

(1 + r̃)(1 + r̃ − θ)

]

Equations (45) and (46) correspond to Equations (5) and (6) in the paper. This completes
the derivations of the firm-level foreign sales elasticities.

4.2.3 Export-entry decision

An entrepreneur decides to enter the export market if and only if this leads to higher total
profits compared to producing only for the domestic market. In particular, an entrepreneur
will export if and only if

πx(a, z) ≥ πnx(a, z) + wF,(47)

where πx(a, z) are the total profits of an exporter with assets a and productivity z, πnx(a, z)
are the total profits of a non-exporters with assets a and productivity z, and wF is the fixed
cost of exporting.

For each a > 0 we can find a productivity level, call it z(a), such that a firm will export
if and only if z ≥ z(a). We refer to firms that are just indifferent between exporting and
producing only for domestic market, that is firms with productivity a = z(a), as marginal
exporters.

We will need to consider separately three cases. In the first case, an entrepreneur who is
indifferent whether to export can produce the optimal unconstrained amount if he decides
to export. In the second case, an entrepreneur who is indifferent between exporting and not
exporting cannot produce the optimal unconstrained amount if he decides to export (i.e., he
is financially constrained if he exports), but can produce the unconstrained optimal amount
if he produces only for the domestic market. Finally, we need to consider a case where an
entrepreneur is constrained regardless of whether he exports or not.

Let a be the level of assets such that for all a ≥ a marginal exporters are unconstrained
both in the domestic and foreign market.2 Then entrepreneurs with net worth a > a will

2To find a we compute first the entry decision of an unconstrained firm. This results in an export entry
productivity threshold, call it zu, which is independent of a. We then find the minimum level of assets that
is required to achieve the optimal scale at this threshold and call this level of assets a. It follows that firms
with productivity z = zu and net worth a ≥ a behave like unconstrained firms when deciding whether to
export or not.
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decide to export if and only if z ≥ zu, where zu is the unique solution to

1

σ

(
σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ

)α]σ−1
(zu)σ−1

ξσ

τσ−1
Yf = wF(48)

Solving the above equation for zu we obtain

zu =

(
σ

σ − 1

)[(
w

1− α

)1−α(
r̃ + δ

α

)α]
τ

ξ
σ
σ−1

(
σwF

Yf

) 1
1−σ

(49)

In other words, for a > a we have z(a) = zu.
Next, consider entrepreneurs with net worth a < a. These entrepreneurs choose not

to export if their idiosyncratic productivity is equal to zu as financial constraints prevent
them from attaining a scale that is required to make exporting profitable when z = zu.
Nevertheless, entrepreneurs with a < a will export for sufficiently high z (i.e., if z > z(a))
since a high z allows them to achieve high sales even with limited capital.

Here, we need to differentiate between two cases. In the first case, an exporter who is
indifferent between exporting and not exporting is constrained if he chooses to export, but
can produce optimal unconstrained quantity if he chooses not to export. Let a be the level
of assets such that for all a ∈ [a, a) this is the case. In contrast, an entrepreneur with net
worth a < a and productivity z = underbarz(a) is constrained regardless of whether he
exports or not.

Consider first the case where a ∈ [a, a). In this case the export-entry productivity
threshold is the unique solution to:(

σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ + µx

)α]σ−1
z(a)σ−1

(
Yh +

ξσ

τσ−1
Yf

)
×
[
1− σ − 1

σ

(
(1− α) + α

r̃ + δ

r̃ + δ + µx

)]
=

= wF − 1

σ

(
σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ

)α]σ−1
z(a)σ−1Yh

Rearranging the above equation, we obtain

z(a) =

(
σ

σ − 1

)[(
w

1− α

)1−α(
r̃ + δ

α

)α][
wF(

Yh + ξσ

τσ−1Yf
)

∆π
x − 1

σ
Yh

] 1
σ−1

(50)

where

∆π
x :=

(
r̃ + δ

r̃ + δ + µx

)α(σ−1)+1 [
1− σ − 1

σ

(
(1− α) + α

r̃ + δ

r̃ + δ + µx

)]
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Equation (50) defines implicitly the productivity export-entry threshold for all a ∈ [a, a).
Note that z(a) is defined since a change in z(a) also affects the RHS of Equation (50) via its
impact on r̃ + δ + µx.

Finally, we consider the export entry decision by entrepreneurs with assets a < a. In this
case, the export-entry threshold z(a) is defined implicitly by the following equation:(

σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ + µx

)α]σ−1
z(a)σ−1

(
Yh +

ξσ

τσ−1
Yf

)
×
[
1− σ − 1

σ

(
(1− α) + α

r̃ + δ

r̃ + δ + µx

)]
=

= wF +

(
σ − 1

σ

)σ−1 [(
1− α
w

)1−α(
α

r̃ + δ + µnx

)α]σ−1
z(a)σ−1Yh

×
[
1− σ − 1

σ

(
(1− α) + α

r̃ + δ

r̃ + δ + µnx

)]
Rearranging the above equation, we obtain:

z(a) =

(
σ

σ − 1

)[(
w

1− α

)1−α(
r̃ + δ

α

)α][
wF(

Yh + ξσ

τσ−1Yf
)

∆π
x − Yh∆π

nx

] 1
σ−1

,(51)

where

∆π
nx :=

(
r̃ + δ

r̃ + δ + µnx

)α(σ−1)+1 [
1− σ − 1

σ

(
(1− α) + α

r̃ + δ

r̃ + δ + µnx

)]
To sum up, the export-entry threshold is determined by Equation (49) if a > a by

Equation (50) if a ∈ [a, a), and by Equation (19) if a < a.

4.3 Aggregate Export Elasticity

In this Section, we derive the aggregate export elasticity reported in the paper (Equations
(4) and (7)).

Recall that the aggregate exports X are given by

X =

∞∫
a=0

∞∫
z(a)

pf (a, z)yf (a, z) dz da
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Differentiating logX with respect to log ξ (and applying Leibniz integral formula), we obtain

∂ logX

∂ log ξ
=

1

X

∞∫
a=0

∞∫
z(a)

∂(pf (a, z)yf (a, z))

log ξ
φ(a, z) dz da

+
1

X

∞∫
a=0

∂z(a)

∂ log ξ

(
pf (a, z(a))yf (a, z(a))

)
φ(a, z(a)) da

Note that ∂ log(f(x))/∂x = (1/f(x))(∂f(x)/∂x). Therefore, we can write the above deriva-
tive as:

∂ logX

∂ log ξ
=

1

X

∞∫
a=0

∞∫
z(a)

(pf (a, z)yf (a, z))
∂ log(pf (a, z)yf (a, z))

log ξ
φ(a, z) dz da(52)

+
1

X

∞∫
a=0

∂z(a)

∂ log ξ

(
pf (a, z(a))yf (a, z(a))

)
φ(a, z(a)) da,

where the first term captures the elasticity of foreign sales by the continuing exporters (i.e.,
the contribution of the intensive margin) while the second term captures the contribution of
export entry to aggregate elasticity.

Note that

1

X

∞∫
a=0

∞∫
z(a)

(pf (a, z)yf (a, z))
∂ log(pf (a, z)yf (a, z))

log ξ
φ(a, z) dz da

=
1

X

∫∫
Sconst

(pf (a, z)yf (a, z))
∂ log(pf (a, z)yf (a, z))

log ξ
φ(a, z) dz da

+
1

X

∫∫
Sunconst

(pf (a, z)yf (a, z))
∂ log(pf (a, z)yf (a, z))

log ξ
φ(a, z) dz da

where Sconst and Sunconst are sets of combinations of {a, z} such that if {a, z} ∈ Sconst then
an entrepreneur is constrained and if {a, z} ∈ Sunconst then an entrepreneur is unconstrained.
Next, note that ∂(log(pf (a, z)yf (a, z)))/∂ log ξ does not depend on entrepreneur’s state (a, z)
regardless of whether the entrepreneur is constrained or not (see Equations (46) and (46)).
Finally, define:

Xc :=

∫∫
Sconst

(pf (a, z)yf (a, z))φ(a, z)dz da

Xu :=

∫∫
Sunconst

(pf (a, z)yf (a, z))φ(a, z)dz da,
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so that Xc and Xu are the total exports by constrained and unconstrained exporters, re-
spectively. Then, using Equations (46) and (46), Equation (53) can be written as

∂ logX

∂ log ξ
= (σ − 1)−

[
α(σ − 1)

(1− λ)(1 + r) ξ
ξ−1

r̃ + δ

]
Xu

X
(53)

− α(σ − 1)

[
σ

α(σ − 1) + 1
× (Export Intensity)

]
− α(σ − 1)

[
θ

α(σ − 1) + 1

(1− λ)(1 + r) ξ
ξ−1

(1 + r̃)(1 + r̃ − θ)

]

+
1

X

∞∫
a=0

∂z(a)

∂ log ξ

(
pf (a, z(a))yf (a, z(a))

)
φ(a, z(a)) da,

where the first four terms capture the elasticity of exports by continuing exporters. Finally,
recall that for all a > a the export-entry productivity threshold is equal to zu. From Equation
(49) we can see that

∂zu

∂ log ξ
= −zu

[
σ

σ − 1
− α

(1− λ)(1 + r) ξ
ξ−1

r̃ + δ

]
,

which is independent of a. Therefore, Equation (54) can be written as

∂ logX

∂ log ξ
= (σ − 1)−

[
α(σ − 1)

(1− λ)(1 + r) ξ
ξ−1

r̃ + δ

]
Xu

X
(54)

− α(σ − 1)

[
σ

α(σ − 1) + 1
× (Export Intensity)

]
Xc

X

− α(σ − 1)

[
θ

α(σ − 1) + 1

(1− λ)(1 + r) ξ
ξ−1

(1 + r̃)(1 + r̃ − θ)

]
Xc

X

+
1

X

∂zu

∂ log ξ

∞∫
a=a

(
pf (a, z

u)yf (a, z
u)
)
φ(a, zu) da

+
1

X

a∫
a=0

∂z(a)

∂ log ξ

(
pf (a, z(a))yf (a, z(a))

)
φ(a, z(a)) da,

which corresponds to the Equation (7) in the main paper. Finally, setting λ = 1, Xc = 0
and Xu = X, we obtain the aggregate elasticity of exports in the frictionless economy with
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no foreign debt:

∂ logX

∂ log ξ
= (σ − 1) +

1

X

∂zu

∂ log ξ

∞∫
a=0

(
pf (a, z

u)yf (a, z
u)
)
φ(a, zu) da(55)

which corresponds to Equation (8) in the paper.

5 Numerical Solution Algorithm

5.1 Dynamic Problem

We find the optimal consumption and net worth choices numerically, through a value
function iteration algorithm.

Setup To execute a value function iteration algorithm, we first discretize the state space
and define a few useful solution objects:

• Net worth grid: GA = {a1, ..., aNA}

• Productivity grid: GZ = {z1, ..., zNZ}

where NA and NZ denote the number of net worth and productivity grid points, respectively.
We approximate the autoregressive productivity process through a finite state Markov chain,
following Tauchen (1986) to compute the associated transition matrix PZ : GZ×GZ → [0, 1].

Algorithm The goal of the algorithm is to find policy functions c(a, z) and a′(a, z) defined
in the domain G ≡ GA×GZ . To do so, we take all aggregate prices (ξ and w), as well as the
aggregate demand for final goods Yh

3, as given.4 Given these prices, we begin by solving the
static problem described above. We then proceed to the value function iteration algorithm:

1. We begin the algorithm by guessing an arbitrary value function ĝ : G→ R.

2. Given ĝ, we solve the dynamic problem to find c(a, z) and a′(a, z) at every (a, z) ∈ G:

(a) Evaluate the objective function obj(a′; a, z) at every (a′; a, z) ∈ G:

obj(a′; a, z) ≡ 1

1− γ
[w + π(a, z) + a(1 + r) [λ+ (1− λ)ξ/ξ−1]− a′]1−γ

+ βEz′ [ĝ(a′, z′)]

(b) At every point in the state space (a, z) ∈ G, the optimal net worth decision is
given by the value a′ that solves

a′ = argmaxã′∈GAobj(a
′; a, z)

3The aggregate demand for final goods affects the domestic demand for the entrepreneurs’ varieties, which
affects the solution to the static problem.

4We solve for their competitive equilibrium values through an algorithm described in the following section.
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The collection of the optimal decisions at all points in the state space are combined
into optimal policy function a′(a, z).

(c) Given the optimal net worth policy, compute the optimal consumption policy in
state (a, z) ∈ G as:

c(a, z) = w + π(a, z) + a(1 + r)

[
λ+ (1− λ)

ξ

ξ−1

]
− a′(a, z)

3. Given c(a, z) and a′(a, z), we then derive the value function g : G → R under these
policies:

g(a, z) =
c(a, z)1−γ

1− γ
+ βEz′ [g (a′(a, z), z′)]

4. Finally, we compare g(a, z) with the initial guess of the value function ĝ(a, z).

(a) If the difference between them (according to some metric) is below a given thresh-
old, we then exit the loop and interpret c and a′ as the solution to the en-
trepreneur’s problem. In addition, to ensure the precision of the solution algo-
rithm, we only exit the loop if the difference between the policy functions across
consecutive iterations is below a given threshold.

(b) If the difference between them is not low enough, we update our guessed value
function with the function g computed in step 3, and then restart loop from step
2.

5.2 Stationary Equilibrium

To compute the stationary equilibrium outcomes of the economy, we proceed in two steps.
First, we compute the stationary distribution of individuals across the state space following
Heer and Maussner (2009).5 This distribution allows us to evaluate the extent to which the
market clearing conditions hold. In the second step, we present the algorithm to find the set
of aggregate prices and quantities at which the market clearing conditions hold.

5.2.1 Stationary measure

The goal of the algorithm is to find the stationary distribution of individuals φ : G→ [0, 1],
where G = GA×GZ denotes the entrepreneur’s state space as defined in the previous section.
To do so, the algorithm takes as given the aggregate prices and quantities, as well as the
solution to the dynamic problem described above (characterized by optimal policy functions
c and a′). Then, the algorithm consists of the following steps:

5This approach provides significant gains in computational time relative to the popular Monte Carlo
simulation alternative; moreover, it avoids the simulation error involved in implementing the latter.
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1. We begin the algorithm by guessing an arbitrary distribution φ̂ : G→ [0, 1].

2. Given an initial distribution φ̂, we use the optimal policy functions of the dynamic
problem to compute the following period’s distribution φ : G→ [0, 1]:

(a) We initialize φ by making it equal to zero at all points of the state space: φ(a, z) =
0, for all (a, z) ∈ G.

(b) We loop sequentially through each point of the state space (a, z) ∈ G and assign

the current mass of individuals at such state, φ̂(a, z), across their following-period
states a′ and z′ as implied by the optimal policy functions and productivity dis-
tribution:

• All individuals currently in state (a, z) choose a′(a, z) ∈ GA. Therefore, in
the following period, their net worth state is a′(a, z) ∈ GA.

• Moreover, for every z′, only a fraction PZ(z, z′) of the individuals in state
(a, z) will transition to state z′ in the following period, where PZ is the tran-
sition matrix that approximates the autoregressive productivity process in
the model.

• Therefore, we loop across all points of the state space (a, z) ∈ G and all
destination productivities z′ ∈ GZ to compute φ : G→ [0, 1] by updating its
value according to:

φ(a′(a, z), z′) = φ(a′(a, z), z′) + φ̂(a, z)PZ(z, z′)

3. Finally, we compare φ : G→ [0, 1] with the initial distribution guessed in step 1.

(a) If the difference between them is below a given threshold, then we exit loop and
interpret φ : G → [0, 1] as the stationary distribution of individuals across the
state space for a given set of prices, quantities, and optimal policy functions.

(b) If the difference between them is not low enough, I update my guessed distribution
with function φ computed in step 2, and then I restart loop from step 2.

5.2.2 Equilibrium prices and quantities

In a stationary competitive equilibrium of the economy, prices (ξ and w) are such that all
markets clear and the entrepreneurs’ beliefs (about prices and aggregate domestic demand
for final goods Yh) are equal to their realized counterparts. We now describe the algorithm
that we follow to compute these objects:

1. We begin the algorithm by guessing initial values of w, Yh, and ξ.

2. Given the prices and quantities from step 1, we solve the entrepreneur’s static problem.
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3. Given the prices and quantities from step 1 and the solution to the entrepreneur’s
static problem, we solve the entrepreneur’s dynamic problem.

4. Given the solution to the entrepreneur’s dynamic problem, we compute the stationary
distribution φ : G→ [0, 1] of entrepreneurs across the state space.

5. Given the prices from step 1, we solve the final good producer’s problem.

6. Finally, we evaluate the extent to which the market clearing conditions hold as well as
the extent to which some of the guessed objects differ from their realized counterparts.

(a) We use the stationary distribution along with the enrepreneur’s optimal policy
functions from the static and dynamic problems, to evaluate the extent to which
the market clearing conditions hold:∫

S

[
n(s) + F I{e(s)=1}

]
φ(s)ds = 1∫

S
[c(s) + x(s)]φ(s)ds = Yh

(b) We evaluate the extent to which the guessed values of Yh differ from its realized
counterpart:

Yh =

[∫ 1

0

yh(i)
σ−1
σ di+ y

σ−1
σ

m

]
(c) If the difference between the left- and right-hand-sides of the market clearing

conditions is below a given threshold, and if the extent to which the guessed
value of Yh differ from its realized counterpart is sufficiently low, we then exit the
loop. In that case, we interpret w, ξ, and Yh as the general equilibrium prices and
quantities. Otherwise, we use a nonlinear equation solver to update the guessed
values of w, Yh, ξ, and then restart the loop from step 2.6

5.3 Transitional Dynamics

We now describe our approach to computing the response of an economy that is originally
in a stationary equilibrium to a one-time unexpected change in the economic environment.
We assume that in period 0 the economy is in a stationary equilibrium that all agents believe
will continue forever. In period 1, we assume that there is a one-time unexpected change
in the economic environment. At that point, economic agents observe the sequence of a
subset of structural parameters from period 1 up to the infinite future. We assume that

6We set up the nonlinear equation solver to equate the left- and right-hand side of the market clearing
conditions, as well as to equate the guessed value of Yh with its model counterpart.
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all structural parameters remain constant from period T̃ onwards, such that the economy
eventually converges to a stationary equilibrium.

To simplify the exposition, here we restrict attention to a shock to the price of imports
pm.7 In particular, we assume that the evolution of the imports price is characterized by a
sequence {pm,t}∞t=0 such that pm,t = pm for t ≥ T̃ . Our goal is to solve for the equilibrium
path of prices {wt, ξt}∞t=0 and aggregate quantities {Yh,t}∞t=0 at which markets clear in every
period t = 0, ...,∞.

Step 1: Compute initial and final stationary equilibria The first step consists of
computing the initial and final stationary equilibria of the economy following the methodol-
ogy described in the previous sections.

Step 2: Compute transitional dynamics between initial and final stationary equi-
libria The second step consists of computing the transition dynamics between the initial
and final stationary equilibria. The algorithm consists of the following steps:

1. Guess that the economy is in a final stationary equilibrium from period T > T̃ onwards.

2. Guess sequence of prices {wt, ξt}Tt=1 and aggregate quantities {Yh,t}Tt=1.

3. Solve for the sequence of the entrepreneur’s optimal policy functions {ct(a, z), a′t(a, z)}
T
t=1

(a) We solve for them iteratively, starting from period t = T .

(b) Given the entrepreneur’s value function gt+1 the entrepreneur’s optimal policy is
given by:

a′t(a, z) =argmaxã′∈GA
1

1− γ
[wt + πt(a, z) + a(1 + r) [λ+ (1− λ)ξt/ξt−1]− ã′]1−γ

+ βEz′ [gt+1(a
′, z′)]

i. For period t = T , gt+1(a
′, z′) is equal to the value function in the final sta-

tionary equilibrium

ii. For periods t < T , gt+1(a
′, z′) is computed in previous iterations.

(c) Given the optimal net worth policy, compute the optimal consumption policy in
state (a, z) ∈ G as:

ct(a, z) = wt + πt(a, z) + a(1 + r)

[
λ+ (1− λ)

ξt
ξt−1

]
− a′t(a, z)

7In the paper, we consider shocks to aggregate productivity A, the price of imports pm, and the interest
rate r.
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(d) Given ct(a, z) and a′t(a, z), we then derive the value function gt : G → R under
these policies:

gt(a, z) =

(e) We go back to step (b) but starting from period t− 1.

4. Compute the sequence of distributions of entrepreneurs between periods 1 and T :

(a) The distribution of entrepreneurs in period 0 is given by the distribution of en-
trepreneurs in the initial stationary equilibrium.

(b) We solve for the sequence of distributions iteratively starting from period t = 1.

(c) We initialize φt by making it equal to zero at all points of the state space:
φt(a, z) = 0, for all (a, z) ∈ G.

(d) We loop sequentially through each point of the state space (a, z) ∈ G and assign
the current mass of individuals at such state, φt−1(a, z), across their following-
period states a′ and z′ as implied by the optimal policy functions and productivity
distribution:

• All individuals currently in state (a, z) choose a′(a, z) ∈ GA. Therefore, in
the following period, their net worth state is a′t−1(a, z) ∈ GA.

• Moreover, for every z′, only a fraction PZ(z, z′) of the individuals in state
(a, z) will transition to state z′ in the following period, where PZ is the tran-
sition matrix that approximates the autoregressive productivity process in
the model.

• Therefore, we loop across all points of the state space (a, z) ∈ G and all
destination productivities z′ ∈ GZ to compute φ : G→ [0, 1] by updating its
value according to:

φt(a
′
t−1(a, z), z

′) = φt(a
′
t−1(a, z), z

′) + φt−1(a, z)PZ(z, z′)

(e) If t 6= T , we go back to step (b) but starting from period t+ 1.

5. Finally, we evaluate the extent to which the market clearing conditions hold as well as
the extent to which some of the guessed objects differ from their realized counterparts.

(a) We use the stationary distribution along with the enrepreneur’s optimal policy
functions from the static and dynamic problems, to evaluate the extent to which
the market clearing conditions hold in each period:∫

S

[
nt(s) + F I{et(s)=1}

]
φt(s)ds = 1 ∀t = 1, ..., T∫

S
[ct(s) + xt(s)]φt(s)ds = Yh,t ∀t = 1, ..., T
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(b) We evaluate the extent to which the guessed values of Yh,t differ from their realized
counterpart:

Yh,t =

[∫ 1

0

yh,t(i)
σ−1
σ di+ y

σ−1
σ

m,t

]
∀t = 1, ..., T

6. If the difference between the left- and right-hand-sides of the market clearing conditions
is below a given threshold in every period, and if the extent to which the guessed value
of Yh,t differ from its realized counterpart is sufficiently low in every period, we then
exit the loop. In that case, we interpret wt, ξt, and Yh,t as the general equilibrium
prices and quantities. Otherwise, we use a nonlinear equation solver to update the
guessed values of wt, Yh,t, ξt, and then restart the loop from step 2.8

7. Finally, if the difference between aggregate quantities and prices between period T
(the last period of the transition) and T + 1 (the first period of the final stationary
equilibrium) is small enough, we are done. Otherwise, we return to step 1 and increase
T .
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