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This document contains additional derivations that have been omitted in the main appendix, but
which a reader might be interested in. In Section 1, I derive the expression for the change in the
default threshold A* when the government implements the policy change with probability p € (0, 1).
In Section 2, I provide a detailed proof of Proposition B.1 reported in Section B.1 of the Appendix. In
Section 3, I solve the complete information model and characterize the fragility region. I also derive the
sufficient bound for By, which ensures that the government always wants to borrow a positive amount
of funds in the fragility region, and the sufficient bound on Z, which ensures that the government’s
desired unconstrained borrowing is strictly increasing in A. Finally, in Section 4, I provide additional

simulation results that have been omitted from the paper.

1 Multiplier under uncertainty: Derivations

In this section, I derive the change in the default threshold when households and lenders are uncertain
as to whether the policy change will be implemented. The households and lenders assign probability
p to the government implementing the new policy. As in the case of no uncertainty (Section B of the
main Appendix), I am interested in understanding the effect of an announcement of a small policy
change on the default threshold. To do so, I start by considering a situation where with probability
(1 — p) the policy parameter takes value ¢ (which I associate with the case when the policy change is
not implemented) and with probability p the policy parameter takes value v’ (which I associate with
the new level of the policy parameter if the policy is implemented). I then compute the effect of a
further change in ', and I impose the condition that initially 7' = . By following these steps, I
obtain the effect of an announcement of a change in the policy parameter when such a change will take
place with probability p.

Let A* be the threshold if the policy parameter takes value ¢ (i.e., the policy change is not imple-
mented) and A* be the policy threshold when the policy parameter takes value 1’ (i.e., the policy is

implemented).! Then the equilibrium conditions can be written as

IFor example if the relevant policy parameter is a tax rate 7 and the government contemplates increasing tax rate to

7/ > 7 then ¢ = 7 while ¢/ = 7'.



(1 —p) I (A" + ke, A" kS (k) ,¥) + pI (A" + ke, AY k2 ,w’) = 0 (1)
(1—p) I (A" + ke, A" k3 (k) , ) + pI (A" + ke, A" k5 (r),4') = 0 (2)
(1—p) L (A" ,1/1)+pL(A*’ ) =0 (3)

N (A*;{k; () efo 2" A" ,w) =0 (4)

AV (A7 k5 ()} 2" A7) = 0, (5)

where k3 (k) denotes an individual household’s equilibrium investment when that household’s produc-
tivity is equal to A* + ke, while k3’ denotes the individual household’s equilibrium investment when
that household’s productivity is equal A* + ke.

When households and lenders are uncertain whether an announced policy will be implemented, there
are additional equilibrium equations compared to the case considered in Section B in the Appendix to
the paper. This is because we need now to determine the default threshold both when the policy in
implemented and when it is not (the possibility of a policy change also affects the threshold even if in the
end the policy is not implemented). In particular, to compute the equilibrium default threshold when
the policy parameter takes value 1, we need both the government default condition and the household
investment decisions evaluated at A*, that is at the associated default threshold (Equations 1 and 4).
Similarly, to compute the equilibrium default threshold when the policy parameter takes value 7', we
need both the government default condition and the household investment decisions evaluated at A*’
(Equations 2 and 5).

To compute the effect of a policy announcement when the policy is expected to be implemented
with probability p, I follow an approach similar to the one in Section B of the Appendix. That is, I
begin by considering the total derivatives of all equilibrium equations with respect to ¢'. Let I;* denote
the partial derivative of I () with respect to its ith argument evaluated at the average productivity
level A* and when the households’ belief is A** = A*, I** denote the partial derivative of I (-) with
respect to its ith argument evaluated at the average productivity level A* and when households’ belief
is A** = A¥_ I** when productivity is A* and households’ belief is A** = A* and, finally, I'* when
productivity is A* and households’ belief is A** = A*. Similarly, let AV be the partial derivative of
AV (A*; {k3 (”)}ne[o 172" 1/1) with respect to the jth argument, and AV} be the partial derivative of

AV (A*; {k3 (ﬁ)},ie 0,11, ¥ ) with respect to the jth argument. Then,
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The above equations constitutes the system of linear equations in: dk (k) /dv’, dk3' (k) /dv’, da* /d),

dA*/dy', dA* /di)’. Below I solve the above system for dA* /dy’ and dA* /di)’.



1.1 Detailed Derivations
Start with da*/di’. Rearranging Equation (8) yields

d'  (L—p)Ly* +pLs” a¢'  (1—p)L3* +pLs” dy'  (1-p)Ls* +pLs"

Note that we are interested in computing the effect of a change in ¢’ from the initial situation when

Y =1 and A* = A* (i.e., a situation where a policy parameter is fixed at its initial level). Hence, it
follows that L3* = L3* and L{* = L7* and, thus, the above condition simplifies to

dz* L5 dA** L dA* pL**/
T (1 _p) Li* 7 +pL1** — Lf* .
dy 3" dy 2 dy 2

Then,

dr* (1-p) Oz* ¢ dA** n oz* ¢ dA* ozx* ¢
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where [0z*/0A**]° indicates that a given partial derivative is defined as the corresponding partial
derivative under no uncertainty (or under “certainty”). In what follows I define all partial derivatives
in the same way they were defined under no policy uncertainty and, to save on notation, I omit the
superscript ¢. Thus, I write

dr* (1-p) ox* dA** n ox* dA* n ox*

dwli paA** d?ﬂ paA**/ dd/ p@qp?

where it should be understood that dz*/9A** corresponds to the partial effect of a change in belief

regarding A™* under no policy uncertainty and so on. I use the same convention below. Defining
all partial effects in this way makes it easy to compare the case with uncertainty about the policy
implementation with the case of no uncertainty.?

Next, consider dkj/diy and note that when v’ = v then A* = A*, and hence it follows that

. /
I =17, I3 = I3¥) I3* = I3* and I;* = I;*'. Therefore, one can write dkj /dy’ as

Oks dA*

aAr Oky dA™  Oki dA* Okl dA™ Ok}
DA dy

de——(l—p) =P ———p — —p—2,
A~ dy) A" dy  ToA~ dy B

'

2To be precise, let superscript u denote the partial derivative under uncertainty and ¢ denote the partial effect under

(1-p)

no uncertainty (or certainty). Then, the partial effect of an increase in 1’ on z* under uncertainty, when initially ¢’ = ),
is

o) *x/ % /
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since all the partial derivatives are computed when v = 1’ and A** = A** = A* = A*'. On the other hand
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Comparing the above expressions we note that
ax* u ax* c
oy~ Pay

In a similar fashion, one can show that

81/,* u am* Cc
=(1—
{aA**} (1=#) [aA**]

and so on. The same argument applies to the households’ investment decisions.



where the partial effects are defined in the same way as under no uncertainty (see the discussion above
and Footnote 2).

Now, substituting the above expressions dz* /di)’ and dk3 /dy into Equation 10 and rearranging we
obtain

1 1
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As in the case of no uncertainty, I define
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With the above definitions, and recognizing that in equilibrium A** = A* (and thus dA*/dy
dA** /di), we obtain
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Following the same steps as above, we obtain the expression for dA* /dy’ which is given by
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Substituting the expression for dA*/di)’ into the expression for dA*' /di)’ and rearranging yields

1
9A™ dA* 9z* 1_9A* 0Ok;(k)
dA o0 |1~ (1 =p) G aa= — j;ia (%) o ks
_ (11)
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Equation (11) then provides the expression for the effect of a policy announcement on the default
threshold when households and lenders believe that the policy will be implemented with probability
p € [0,1] and the policy ends up being implemented.

The above expression for dA*' /dy)’ can be used to derive Equation (5) in the main text. Let dd o (P)
denote the change in the default threshold when the policy is implemented with probability p so that

‘%; (1) corresponds to the change in the default threshold when the policy is always implemented and

‘2’?; (0) to the case when it is never implemented. Recall that all the partial derivatives are calculated

at A* = A* and ¢’ = . Therefore,
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Thus, the denominator in Equation (11) can be simplified as follows
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2 Higher tax rate in repayment only

Proof of Proposition . Let 77 denote the tax rate in repayment and 77 denote the tax rate in

default. When 7% # 7P then solving problem of a household with productivity 4; = A* + ke we get
ko (A* + ke, k,€; i TD) = et f (k) A (A* + ke, K, & TR,TD)

where

(A + ke, m,e) = \ A (A + re,r,0)’ — 4aZ (L4 a) (L —77) (1 — D)
2(1+«)
ANA* +ke,k,e) = (Ple)+a)(1-78)+Z(1-P(e)+a)(1-77)

A (A* + ke, n,a;TR,TD)

Note that if 77 = 7P the expression for ky becomes identical to the expression reported in Section ??

of this Appendix. Moreover, it can be shown that

Oky (A* + ke, k,e; 78, 7P 1
2 ( ) c |— kl, 0
ork 1—7
as k varies from —1 to 1.> The above discussion implies that

1 1
/ ko (A" + ke, k, A*)" dr < % / ko (A* + ke, k, A*)" drk
-7

r=—1 r=—1

w0
drk 9k

and hence, as remarked in the text, the distortionary effect of higher taxes is lower when the higher
tax is implemented only in repayment.

Next differentiating AV (as defined in Section ??) with respect to 7, imposing that initially

7 = 7R = 7, and simplifying, we obtain
1 1
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BING 1 ; o 1, 1
= K — — = |dk —
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3When & = —1 then P(e) = 1 which means that these households expect default with probability 1 and as a
consequence they assign probability 0 to taxes being increased and leave their investment decisions unchanged. On the

other end of the spectrum lie households which received k = 1.



and

OAV S Yi 1 n Yo 1
orR Y1-B1+By 1—-7 Yo—(147)By 1-—7
Y, 1 1 a 1

TR 7Y — (1+71) By Y| 1-72Z

We obtained the upper bound and lower bound for the effect of an increase in 7% The result then
follows from comparing the upper bound and the lower bound for AV /97% with the expression for
OAV /0T derived in the proof of Proposition 3. In particular, one can show that for all low enough 7
the lower bound for OAV/97% is greater than JAV /7. Similarly, for high enough 7, the upper bound
for AV /07 is smaller than OAV/OT. =

3 Complete Information Model

In this section I solve the complete information version of the model. In the complete information game
the productivity parameter A is common knowledge among all agents and hence there is no role for
signals. Moreover, I assume that there is no dispersion in productivity across households which
implies that all households are identical. Otherwise, the model is the same as in the paper. In what
follows, I use superscript R to denote the case where the government repays the debt and superscript

D to denote the case where the government defaults on its debt.

3.1 Borrowing Decision

I start by investigating the government’s borrowing decision if the government decides to repay the
debt. The government can borrow at interest rate r or save at the risk free interest rate rp = 0. In
Section 2.5 I derive condition under which the government will always want to borrow a non-negative
amount.

The government’s optimal unconstrained borrowing solves:

glzgé t;z log (cf) + log (gtR)

st. gt =7V - B, + By
g5 = 7Y = (147) By
cff =(1=7)e f (k1) = ko
ey = (1 —7)ef (k)

where Y{# and Y;® denote the aggregate output in periods 1 and 2, respectively, if the government

repays the debt and are given by
YE=eAf (k) and Y =etf (k).

Let Bf’ " be the government’s optimal unconstrained borrowing choice. If the government’s borrows
a positive amount, then it does so at an interest rate r, while if it lends, it charges lenders a risk-free

interest rate. It follows that the government unconstrained borrowing policy in repayment is given by

Bé%,bor if B;%,bor > 0
B =4 0 if B <0 and BS'" >0
Bf,len if B;%,len <0



where

plbor _ (I4+7r)Bi+71Ys—(1+7)7V) and BIblen _ Bitr¥a—1hh
2(1+7r) 2
Finally, consider the government’s optimal unconstrained borrowing if it decides to default (the

assumed timing allows such a possibility), denoted by BQD o

. In this case, the government will always
borrow all the funds available in the market and use them to increase the government spending at time

1.* That is, B2D’u = S where S is the total supply of funds in the market.

3.2 Fragility Region

In this section I compute the “fragility region”. To do this I have to see what the households’ and
lenders’ optimal choices are when: (1) they expect that the government repays the debt and (2) when
they expect a default. In what follows, I assume that, in the case the government repays its debt, it
always wants to borrow a non-negative amount, that is Bf ' > 0. Below, I provide sufficient conditions

that ensure that this is the case.

3.2.1 Households

It is straightforward to see that if a household expects a default, then its optimal choice of capital is
given by
Z(1—T1)ef (k)
1+2
where superscript D denotes default, while if a household expects repayment, then it invests
(L—7)e f (k1)

1
B (4) = S = P (4),

KD (4) =

9

where superscript R denotes repayment. Therefore, if the households expect the government to default,

they decrease their investment for any given productivity level A.

3.2.2 Lenders

The lenders choose between supplying their funds to the bond market and investing in a risk-free asset.
The risk-free asset delivers a sure net return of 0. On the other hand, the net return on the government
debt is r if the government repays its debt, and 0 otherwise. It follows that the lenders will never
supply their funds to the bond market if they expect a default. If lenders’ expect to be repaid and
r > 0 then they will be willing to lend to the government.

It follows that if lenders expect default then the supply of funds to the market is given by S” = 0
while if they expect repayment and r > 0 then ST = b.

3.3 The Fragility Region

Let Vi (A, ks, S) and VP (A, k3,5) be the value to the government from repaying its debt and defaulting
on its debt, respectively, when the productivity is A, all households chose to invest the identical amount,
ko, the supply of funds is equal to .S, and the government chose earlier an interest r» > 0. The government

repays its debt if and only if

AV (A, ko, S;1) = VE (A ky, S;1) — VIP (A, ko, S5 1) > 0.

4 An implicit assumption is that the government has no access to a saving technology.



It is straightforward to see that AV (A, ks, S) is strictly increasing in ko for all A € R ;. Thus, a
higher investment by the households decreases the government’s default incentive. On the other hand,
the impact of a higher supply of funds to the bond market S is ambiguous. Clearly, a higher S increases
the value of repaying the debt as it allows the government to smooth the repayment of its debt across
the two periods. However, a higher S also increases the value of defaulting, by increasing government’s
spending at ¢t = 1 in default (recall, the government will choose to borrow B = S and then default
also on its new borrowing). It follows that for S close to BQR’“ the effect of a higher S is to necessarily
decrease the government’s incentive to repay the debt. This complicates the solution without adding
much to the model, and hence I consider the case as & — 1, where this effect is absent. In this case, a
higher S unambiguously leads to an increase in the government’s incentive to repay.’

When ¢ — 1 the government has the strongest incentives to default when all households choose
ky = kP and the supply of funds is S = 0. It follows that, for a given interest rate r, the government
will repay the debt irrespectively of agents’ action if the productivity A is greater or equal to A, where

A is the unique solution to
AV (Z, k?,O;r) =0 (12)

Note that A does not depend on 7, since with S = 0 the government cannot borrow a positive amount
in period 1.

Similarly, the government has the lowest incentive to default when all households choose ky = k&
and when it can borrow an unconstrained optimal amount Bf . Tt follows that the government will

always default on its debt if A < A(r), where A (r) is the unique solution to
AV (A(r), k', B3 (A);7) =0 (13)

Note that, in contrast to the upper bound, the lower bound of the fragility region depends on the
interest rate. This is because a higher interest rate decreases the government’s incentive to repay by
increasing the cost of repaying the debt in period 2.9

Finally, note that even if  is high enough so that Bf” ' = 0 the government is still exposed to

self-fulfilling equilibria, solely caused by changes in the households’ beliefs. Let 7 be such that
By (7 A(7) k) = 0. (14)

Then for all » > 7 the government default decision is only driven by the households’ expectations: That
is if > 7, then lenders play no role in determining whether the government defaults or not. The next
lemma provides a characterization of the fragility region. Its proof is straightforward and is left to the

reader.

Lemma 1 (Fragility Region) Let& — 1. For any given interest rate r € Ry, the “fragility region” is
given by [A (r) ,Z), where A () and A are uniquely determined by equations (13) and (12), respectively.

Moreover:

1. A(r) is strictly increasing for all ¥ <T and constant for all r > T.

50One can analyze the model with 0 < ¢ < 1 under the condition that £ is large enough. In that case the fragility
region will be a bit smaller, as now, there will be an additional region of A with unique equilibrium where lenders and
the government follow mixed strategies. This, however, substantially complicates the analysis, particularly in the case of
global game version of the model.

6By monotonicity of AV (A, k2, S;7) in A, k2 and S it follows that for all A € [A(r), A) the outcome of the model
depends on the households’ and lenders’ choices. Thus, for all A € [A (r) ,Z) there are two pure strategy equilibria: one

in which the government indeed defaults and one in which the government repays the debt.



2. A(r) < A forallr € Ryy.

3. T is the unique solution to equation (14).

3.4 Equilibrium
Lemma 2 (Equilibrium) Let £ — 1 and fix the interest rate v > 0.

1. If A > A then the government never defaults. Households choose to invest ki and all lenders

supply all of their funds to the bond market.

2. IfAe [A (r) ,Z) then there are two pure strategy equilibria:

(a) a default equilibrium, where all households choose to invest k¥, lenders invest all the funds

in risk-free asset and the government defaults on its debt.

(b) a repayment equilibrium, where all households choose to invest kit, lenders supply all their

funds to the bond market and the government repays its debt.

3. If A < A(r) then the government always defaults. Households choose to invest k¥ and all lenders

inwvest all the funds in risk-free asset.

Proof. Follows from the above discussion. m

3.5 Assumptions 1 and 3

In this section I derive a sufficient condition for the government’s desired borrowing in repayment,

BE" | to be non-negative and increasing in A for all A > A (0).

3.5.1 Non-negative Borrowing

Lemma 3 A sufficient condition for the government borrowing to be non-negative is that its initial

debt By s greater than B, where
_1l+a T

Dy = 7(1_77_) 1
Proof. Note that the government budget constraint in period 1, in the case the government repays its
debt, is given by

g1 = 7Y — By + Bs.

Since g; > 0, By can be negative if and only if 7Y}® > By or e > By /7f (k1). Moreover, recall that
ks is increasing in A. Thus, if we can show that at A = log (B1/ (7f (k1))) the government wants to
borrow a positive amount it would follow that the government would never find it optimal to borrow
negative amount whenever it repays B;.”

From the expression for Bs; we see that the government will find it optimal to borrow positive

amount if
f(k2) > f (k1)

Using the definition of ky we get
!

1+«

(]. —7') eAf(kl) > ]{)1

1 focus here on 7 = 0 because that is the interest rate at which the government can lend. Thus, if at r = 0 its desired
borrowing is positive it means that the government does not want to lend. However, whether it borrows a strictly positive

amount or chooses to borrow nothing depends on the interest rate at which it can borrow.

10



At e = By/ (7f (k1)) the above inequality becomes

l1+a 7
B _ k
1 =) 1
Setting
l1+a 7
Bi=h o (1—7’)k1

completes the proof. m

I assume in the paper below that B; satisfies the above condition.The above condition is only
sufficient and one can find a lower bound for B; under which the borrowing is non-negative.

In order for a self-fulfilling crisis that originates from the lenders’ expectations to exist we also need

. . . . s —R
the government’s optimal unconstrained borrowing to be strictly positive for some A < A"". The next,
lemma defines interest rate 7 such that for all r € [0,7) the government would like to borrow a strictly

positive amount at A = A, and hence, by the continuity of its desired borrowing in A, for some
—R
A<A .

Lemma 4 If r € [0,7) then the government borrows a strictly positive amount at A = at, Ifr>7

then the government will borrow nothing at A = A" The interest 7 is defined as

L I(e(A)

23 (Z(+a)—a)  [f(k)

T =

where ko (ZR) denotes capital at t = 2 when the productivity is A = At

L Ie()

Z2(Z(+a)=a)  [f(k)

Proof. Let »r =7 where

T =

. . —R . .
When r =7, the government’s desired borrowing at A = A" is given by

(1+7) By +7ed f (kz (ZR)) (147 rer f (k)

B =
2 2(1+7)

Using the definition of 7 and of A% we get

S 1 (1) 721 1 () s (s ()

Bz = 2(1+7)

=0

Finally, note that
332 o _TeAf (kg)

or 4(1+7)

Since B is continuous in A and decreasing in 7 it follows that for all r € [0,7) there exist values of

.. —R . . s
productivity smaller than A~ such that B is strictly positive. ®

3.5.2 Sufficient condition for the desired borrowing to be increasing in A

Lemma 5 Suppose that (1 + o) — VAIVA > 0. Then OBL" /A > 0 for all A > AR (0).

1t
1+a)—a)

Proof. Fix r € [0,7). Substituting A () into the expression for the desired borrowing yields

27eA™ () f (ko) — 27eA" () /(T +7) f (ka) f (k) (22 (1 + @) — )

R,u . _
By (A% (r);r) = 2(1+r)
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By the definition of A® (r), and by the fact that r < 7, we know that Bi"" (AR (r);r) > 0. Therefore

by rearranging above expression for By™¢ (AR (r);r) we get

1 f (k2 (A7 (1))

1+
LR VA e R I T
Fix r and consider %MF{(T):
OB (), (Lta)red O (ke (A7 (1)) = (4 ) e f (k)
gA AT 2(1+7)
. (14 ) 7eA ") f (ky (AT (1)) — m 7eA" ) f (ky (AR ()
- 2(1+7)
and hence R
dB"" (A,r) 1
22 kg > 0f (1
ga lamanm 20 (14 a) 2 Zemra s

R,u R,u
Finally, note that if 83267;4’” >0at A= A" (r), then aBzaiéA’r)

second derivative is strictly positive). This implies that the condition

>0 for all A > A (r) (since the

1

(1+a)= Z3(Z1+a)—a)

is sufficient for the desired borrowing to be strictly increasing in A for all A > A®(0). m

4 Numerical Examples: Further Results

In this section, I report additional numerical results. In particular, I investigate how the effects of
adjustments in taxes and of a fiscal stimulus on the ex-ante probability of default and the importance

of the multiplier effect depend on « and Z.

Increase in the tax rate Figure 1 reports the results for the case of adjustment in the tax rate 7.
Panels A and C show that the effectiveness of a 1% increase in the tax rate does not depend on the
values of o and Z and such a policy remains an attractive option to the government if the government’s
goal is to decrease probability of a debt crisis.

Panels B and D show how the relative importance of the multiplier and direct effect in driving the
effects of an increase in taxes changes as we vary a and Z. As predicted in Section 5 the importance of
the multiplier effect increases as « increases and tends to decrease as Z increases (though in the latter
case the role of the multiplier effect tends to increase for large values of Z).

These results show that the conclusion regarding the effectiveness of an increase in tax rate reported
in the main paper is robust. They also support the intuition regarding the importance of the multiplier

effect provided in Section 5.

Fiscal Stimulus Figure 1 reports the results for the case of fiscal stimulus financed with short-
term debt. Panel A shows that while at higher o the increase in the probability of default following
a stimulus is lower this effect is small (the increase in probability of default falls from 1.58% when
a = 0.3 to 1.43% when « = 0.5). Panel C show that varying Z has almost no effect on the effectiveness
of a fiscal stimulus (the increase in the probability of default is equal to 1.59% when Z = 0.85 to
1.54% when Z = 0.95). It might be somewhat surprising that varying « has such a modest effect on

12
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Figure 1: The effect of a 1% increase in 7 as @ and Z vary.

the results. The reason why the effect of higher « is so modest can be deduced from expression 77
reported in Section B of this Appendix. On the one hand, it is true that a higher « tends to increase
the direct effect since it increases the sum of the two first terms (which capture the concavity effect
and the differential increase in tax revenues). On the other hand, a higher « also increases the desired
borrowing by the government since it increases Y5 relative to Y; which tends to increase the By. Higher
desired borrowing also means that the interest rate that the government sets before it decides on its
further policies also increases. This further increases supply of funds, and hence Bs. The increase in
the amount the government borrows tends to decrease expression 77 counter-acting the positive effect
described above.

Panels B and D show how the relative importance of the multiplier effect varies with o and Z.
The importance of the multiplier effect increases as « increases and tends to decrease as Z increases
(though in the latter case the role of the multiplier effect tends to increase for large values of Z). Note
that these results are qualitatively and quantitatively very similar to the results reported above for the
increase in the tax rate. This strongly indicates that the results concerning the relative importance of

the multiplier effect are robust across different government policies.
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Figure 2: The effect of a 1% stimulus as « and Z vary.
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