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Abstract

A multi-product monopolist faces a buyer who is privately informed about
his valuations for the goods. As is well-known, optimal mechanisms are in gen-
eral complicated, while simple mechanisms—such as pure bundling or separate
sales—can be far from optimal and do not admit clear-cut comparisons. We
show that this changes if the monopolist observes sufficiently rich data about
the buyer’s valuations: Now, pure bundling always outperforms separate sales;
moreover, there is a sense in which pure bundling performs essentially as well
as the optimal mechanism. To formalize this, we characterize how fast the cor-
responding revenues converge to the first-best revenue as the monopolist’s data
grows rich: Pure bundling achieves the same convergence rate to the first-best
as optimal mechanisms; in contrast, the convergence rate under separate sales
is suboptimal.
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ijima@princeton.edu); Ishii: Pennsylvania State University (yxi5014@psu.edu). Acknowledgments
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1 Introduction

A classic problem in economic theory is how a multi-product monopolist should sell
its goods to a buyer whose valuations for the goods are unknown to the monopolist.
While of clear economic relevance from both a positive and normative perspective,
this problem—and related multi-dimensional screening problems—is well-known to
be quite intractable. Even in simple subcases (e.g., two goods for which the buyer
has independently distributed, additive values), the seller’s optimal mechanism can be
difficult to characterize and look complicated: For instance, it may require the buyer
to choose between a continuum of differently priced lotteries over product bundles
(Manelli and Vincent, 2007; Daskalakis, Deckelbaum, and Tzamos, 2013).! At the
same time, the multi-product selling mechanisms used in practice are often quite
simple: For example, many firms only present buyers with some limited number of
deterministic product bundles, or even engage in pure bundling, i.e., offer only the
grand bundle of all products at a take-it-or-leave-it price.

In this paper, we provide a novel perspective on the use of such simple multi-
product selling mechanisms. We consider a revenue-maximizing monopolistic seller
who is endowed with a finite set GG of indivisible goods. There is one potential buyer,
whose valuations for the goods are summarized by a type vector 6 € R'ﬁlr (drawn
from an arbitrary prior distribution) and whose payoffs are additive across goods.?
The realization of 6 is only known to the buyer. However, as in the literature on
price discrimination, we assume that the seller observes some information about the
buyer’s type that she can use in designing a selling mechanism. For example, the
seller might observe various buyer characteristics (or noisy signals thereof) that are
correlated with 6 within the population from which the buyer is drawn.

The question we ask is: Are there simple mechanisms that perform well at exploit-
ing such information, and, if so, which ones? If the seller’s information is arbitrary,
the comparison across different simple mechanisms is not clear-cut: For example, it is
well-known that, depending on the seller’s posterior, pure bundling may yield higher

or lower revenue than separate sales (i.e., setting a separate price for each individual

!Finding the optimal mechanism can also be computationally intractable (e.g., Daskalakis, Deck-
elbaum, and Tzamos, 2014), and it can exhibit counterintuitive features, e.g., nonmonotonic revenues
with respect to first-order stochastic dominance increases in buyer values (Hart and Reny, 2015).

2Section 6 considers nonadditive buyer utilities, negative valuations, and seller production costs.



good). Moreover, both these simple mechanisms are in general far from optimal.?
However, the key insight of our paper is that there is a sharp answer if the seller’s
information is sufficiently precise: In this case, we show that the seller is always bet-
ter off using pure bundling than separate sales; what is more, we formalize a sense in
which pure bundling performs essentially as well as the optimal mechanism.

The assumption of precise seller information may, for instance, reflect the pro-
liferation of consumer data to which retailers have access in digital marketplaces.*
To tractably formalize such information, our baseline model assumes that the seller
observes n independent signals from some distribution P, that depends on 0.° Thus,
the seller’s information is more precise the richer the amount of data n, and we are
interested in the case where n is large.

Crucially, to evaluate and compare the performance of different classes of mecha-
nisms, we do not explicitly derive the seller’s revenues at any particular n. Instead, we
take a convergence rate approach: We analyze how fast the gap between the seller’s
expected revenue and the first-best (i.e., known type) revenue vanishes as n grows
large. This provides a parsimonious way of comparing revenues across different classes
of mechanisms under rich consumer data: Mechanisms with a faster convergence rate
to the first-best yield higher expected revenues than mechanisms with a slower con-
vergence rate at all large enough n. As a one-dimensional statistic, convergence rates
also succinctly characterize how revenues at large n depend on features of the envi-
ronment, such as the seller’s signal distribution F,. Most importantly, while optimal
mechanisms by definition approximate the first-best revenue at the fastest rate, this
does not rule out that some simple (but suboptimal) mechanisms may achieve this
same optimal convergence rate. If this is the case, this suggests that a seller who ob-
serves rich consumer data loses very little from using such simple mechanisms rather
than the optimal mechanism.

In particular, our main result (Theorem 1) shows that, regardless of whether the
seller optimizes over general selling mechanisms or is restricted to pure bundling,

her expected revenue converges to the first-best equally fast as n grows large: In

3See Hart and Nisan (2019) in Section 1.1.

4Retailers increasingly use sophisticated tools to draw inferences about consumers’ preferences
from data such as their browsing and search history, geolocation, and operating system. Retailers
have also started to personalize selling mechanisms based on such data, not only via outright price
discrimination but also more subtle channels such as personalized discounts, add-on offerings, or
product displays (e.g., Hannak, Soeller, Lazer, Mislove, and Wilson, 2014; Gonzaga, 2018).

5Section 6 discusses more general settings.



both cases, the revenue gap relative to the first-best vanishes as fast as /\G\/%.
Here, the coefficient A\“ captures how fast the seller’s posterior standard deviation
about the value }_ .0, of the grand bundle decays. This coeflicient (and hence the
corresponding revenues at large n) depends on the signal distribution P only through
a common statistical informativeness measure, the Fisher information.

To interpret, note that for any given n, the seller’s revenue under pure bundling is
in general lower than under the optimal mechanism, which may screen the buyer via
(possibly elaborate) menus of bundles or lotteries over bundles. However, Theorem 1
implies that at large n, any additional revenue gain from using such more complicated
mechanisms vs. pure bundling becomes negligible: For example, as we discuss, this
revenue gain is smaller than the gain from having access to even an arbitrarily small
fraction of additional signals. As such, Theorem 1 suggests a novel “approximate
optimality” rationale for using pure bundling.

In contrast, Theorem 1 also shows that if the seller instead optimizes over separate
sales mechanisms, then her expected revenue converges to the first-best more slowly:
Now, the revenue gap relative to the first-best vanishes as fast as > 9eG A9 \/% , where
the coefficients \? capture how fast the seller’s posterior standard deviation about the
values 6, of each individual good decays. The coefficient ) | gec A7 is greater than the
aforementioned optimal coefficient \%: By subadditivity of standard deviations, the
sum of the standard deviations of all 8, always exceeds the standard deviation of the
sum Yy e y. Thus, whereas at small n, the seller may be better off using separate
sales or pure bundling depending on parameters, pure bundling always yields a higher
expected revenue than separate sales when n is large enough.

A potential concern in assessing the economic relevance of Theorem 1 is whether
it requires such unrealistically rich data n that the seller can almost perfectly discrim-
inate between different buyer types: At such n, many mechanisms yield revenues that
are very close to the first-best, so the differences between mechanisms may not be
very interesting. This concern can be mitigated by analyzing numerical examples. For
instance, in a Gaussian environment, Section 3.2 finds that pure bundling starts to
approximate the optimal mechanism and to significantly outperform separate sales at
n where the corresponding revenues are still only a moderate fraction of the first-best.

The proof of Theorem 1 first exploits the Bernstein-von Mises theorem to reduce
the analysis to a setting in which the seller’s posterior is deterministic and Gaussian.

The analysis is then based on three main insights that we illustrate in Section 4:



First, focusing on the single-good case, we shed light on how rich data affects
the tradeoff between two forms of revenue loss that the seller incurs: Losses on the
intensive margin (due to having to shade the price relative to the known type case)
and on the extensive margin (due to the probability that the buyer is unwilling to
pay the seller’s chosen price). We show that, as the seller’s posterior grows more and
more precise, these two margins become strikingly imbalanced: The seller optimally
prices the good in such a way that her revenue losses are driven almost entirely by
the intensive margin; in contrast, extensive-margin losses become negligible at large
n. This dominance of the intensive margin lies at the heart of why, in the multi-good
setting, the convergence to the first-best under pure bundling cannot be improved
upon by general deterministic mechanisms. Under the latter, the seller can engage in
mized bundling, i.e., screen the buyer by offering a menu of product bundles. Relative
to pure bundling, this benefits the seller by extracting revenue from buyers who are
unwilling to purchase the grand bundle. However, since this benefit only affects the
extensive margin, it has a negligible impact on the revenue gap relative to the first-
best at large n.5

Second, we show that intensive-margin losses under single-good monopoly vanish
as fast as the (scaled) standard deviation of the seller’s posterior about the buyer’s
type. In the multi-good case, this implies that comparing the revenue gap to the
first-best at large n under pure bundling vs. separate sales boils down to comparing
the seller’s posterior standard deviation about the value gec Uy of the grand bundle
vs. the sum of her posterior standard deviations about each 6,. As noted, the former
is smaller than the latter, as standard deviation is subadditive. At a high level, this
relates to the classic intuition (e.g., Adams and Yellen, 1976; Armstrong, 1999) that
bundling reduces the seller’s uncertainty relative to separate sales, as overestimating
the valuations of some goods but underestimating those of others can cancel out
when estimating the value of the grand bundle. However, for this intuition to be
valid in our setting, it is crucial to show that the relevant measure of the seller’s
uncertainty is standard deviation, as other measures of uncertainty (e.g., variance)
are not subadditive.

Finally, we show that pure bundling achieves the same convergence rate as the

6Relative to pure bundling, mixed bundling also in principle allows the seller to reduce the mag-
nitude of intensive-margin losses by appropriately raising the price of the grand bundle. However, we
show that this increases extensive-margin losses by an order of magnitude that more than outweighs
the intensive-margin gains.



optimal mechanism, which may additionally involve randomization. To get around
the aforementioned challenge that optimal mechanisms are difficult to characterize,
we introduce a more tractable relaxed problem that yields an upper bound on the
seller’s optimal revenue. We then prove that even this upper bound converges to the
first-best no faster than the pure bundling revenue. The relaxed problem partitions
the type space into line segments and imposes incentive compatibility only within each
segment. As Section 5 explains, optimal mechanisms in this problem are tractable
to characterize and take an “almost deterministic” form. Moreover, we show that by
carefully choosing the line segments, we can ensure that the pure bundling revenue
in the relaxed problem is the same as in the original problem. Based on this, similar
arguments to the comparison of pure vs. mixed bundling yield that pure bundling

achieves the optimal convergence rate.

1.1 Related Literature

Our paper relates to the large classical literature on multi-dimensional screening
(Adams and Yellen, 1976; McAfee, McMillan, and Whinston, 1989; Armstrong, 1996;
Rochet and Choné, 1998; Manelli and Vincent, 2006, 2007; Daskalakis, Deckelbaum,
and Tzamos, 2017, among many others). Several of these papers develop general
methodologies to characterize optimal mechanisms. However, as discussed in the
Introduction, optimal mechanisms are complicated unless specific conditions are im-
posed on type distributions. Some papers derive conditions under which pure bundling
is optimal (e.g., Haghpanah and Hartline, 2021; Ghili, 2023).” Our setting allows for
general type distributions, and pure bundling is in general suboptimal at any n. An-
other recent strand of this literature characterizes optimal mechanisms in settings
where a seller maximizes her worst-case expected revenue across a set of possible type
distributions (e.g., Carroll, 2017; Deb and Roesler, 2023; Che and Zhong, 2021). De-
pending on the structure of this set, optimal mechanisms can take simple forms such
as separate sales or pure bundling.

In contrast to the above papers, we depart from the criterion of exact optimality.
Instead, we provide a rationale for pure bundling based on the idea that this simple
mechanism allows sellers who observe rich data about buyers’ types to approximate

the first-best revenue at the optimal rate. This contrasts with a notion of approximate

"Other recent work (e.g., Yang, 2023; Bergemann, Bonatti, Haupt, and Smolin, 2021) provides
conditions under which more general menus of bundles (e.g., nested bundling) are optimal.



optimality that is often studied in computer science: worst-case guarantees, i.e., lower
bounds on the performance ratio of simple vs. optimal mechanisms that are uniform
with respect to type distributions (or other features of the environment; see the
survey by Roughgarden and Talgam-Cohen, 2019). Neither pure bundling, separate
sales, nor more generally the class of all deterministic mechanisms admit a non-zero
worst-case guarantee (Hart and Nisan, 2019).8

While we fix a set of goods G, Armstrong (1999) and Bakos and Brynjolfsson
(1999) study the many-good limit. Under independent and additive valuations, they
show that pure bundling approximates the first-best as |G| — oo, because the value
of the grand bundle becomes deterministic by a law of large numbers; in contrast,
separate sales does not, because the value of individual goods is random.’ In our
setting, bundling also reduces uncertainty relative to separate sales, but in a different
sense: Regardless of the type distribution, both bundling and separate sales approx-
imate the first-best as the amount of consumer data grows large, because this data
allows the seller to learn the valuations for all goods; however, we show that the
rate of convergence under bundling is always faster than under separate sales. More
importantly, we prove that the convergence rate under bundling is the same as under
the optimal mechanism.

As noted, a key step of our proof is to upper-bound the optimal revenue via
a relaxed problem that partitions buyer types into line segments. Exploiting the
linear structure of this problem, Proposition 3 shows that optimal mechanisms in-
volve at most one random allocation (that is consumed only by types with binding
IR). This almost deterministic structure makes optimal mechanisms tractable to an-
alyze and is notable, as even under one-dimensional types, optimal mechanisms with
multi-dimensional allocations in general rely on more extensive randomization. As we
discuss, this result may be useful in economic settings beyond multi-good monopoly.
Haghpanah and Hartline (2021) impose a stochastic monotonicity assumption on
type distributions and use this to construct a different relaxed problem: There, types
are decomposed into (not necessarily linear) one-dimensional paths and the optimal

mechanism is pure bundling.!’

8However, positive worst-case guarantees can be derived under more restrictive assumptions on
the environment (Hart and Nisan, 2017; Babaioff, Immorlica, Lucier, and Weinberg, 2020).

9Fang and Norman (2006) provide joint non-asymptotic conditions on the number of goods and
type distribution under which pure bundling outperforms separate sales and vice versa.

0For related decomposition approaches, see also Armstrong (1996); Wilson (1993).



More broadly, we relate to a resurgent literature on price discrimination, which
studies the implications of a seller’s ability to condition selling mechanisms on addi-
tional information about buyers (e.g., Bergemann, Brooks, and Morris, 2015; Hagh-
panah and Siegel, 2023). Motivated by the availability of rich consumer data in
digital marketplaces, some papers focus on sellers with very precise information (e.g.,
Rhodes and Zhou, 2024). In the context of multi-good monopoly, we highlight that
sufficiently precise information can serve as a rationale for using simple selling mech-
anisms, such as pure bundling. An important step in our analysis is the insight that,
under single-good monopoly, such information leads to a stark imbalance between
intensive and extensive-margin considerations.!!

Finally, convergence rates to a perfect information benchmark have been used as a
performance measure in other contexts: In single-agent decision problems, Moscarini
and Smith (2002) study how fast an agent who observes many i.i.d. signals about the
state and follows an optimal strategy can approximate the perfect information payoft;
they use this to define a ranking over signal structures. Subsequent work conducts
related exercises in other learning settings.!? Aside from our different economic en-
vironment and research question, a technical departure from these papers is that our
setting features continuous actions and types. This necessitates different mathemati-
cal techniques from the large-deviation theory tools that apply in the finite state and
action settings of these papers. This technical difference also applies relative to our
previous work, Frick, Iijima, and Ishii (2024a), which uses convergence rates to eval-
uate the performance of simple but suboptimal contracts in a moral hazard problem
where a principal observes rich monitoring data about an agent’s action. The “hidden
action” nature of that problem makes the analysis quite different from the current

“hidden type” setting in other respects as well.'?

1Xie, Zhu, and Shishkin (2024) consider a single-good monopolist who observes samples from an
unknown distribution of both consumer data and types. They study how fast the monopolist can
approximate the second-best (i.e., known distribution) revenue.

12This includes multi-agent learning and misspecified learning (e.g., Harel, Mossel, Strack, and
Tamuz, 2021; Frick, lijima, and Ishii, 2023, 2024b).

13More broadly, convergence rates to full efficiency have been used to study the performance of
simple mechanisms or strategies in the context of trade in large markets (e.g., Rustichini, Satterth-
waite, and Williams, 1994) and repeated games with patient players (Sugaya and Wolitzky, 2024).



2 Setting

A monopolistic seller (“she”) is endowed with a finite set G of indivisible consumption
goods. The seller is risk-neutral, attaching zero value to the goods herself and seeking
to maximize her expected revenue from selling them. There is one potential buyer
(“he”), described by a type vector § € R‘ﬂr whose gth entry 6, represents his valuation
of good g. The type 6 is drawn from a prior density A whose support is some compact
set © C RLLGJF with non-empty interior. The buyer’s utility from receiving the bundle

of goods B C (G and paying a monetary transfer ¢ to the seller takes the additively

d 0 —t=1%-0-t

geB

separable form

where 17 € RI¢l denotes the indicator vector on bundle B (i.e., 15 := 1y4epy for each
g € G). Section 6 incorporates nonadditive buyer utilities, negative valuations, and
seller production costs into the analysis.

While the realization of 6 is only known to the buyer, the seller has access to
fairly precise (but imperfect) information about the buyer’s type. As discussed in
the Introduction, such information may represent various observable consumer data
(e.g., the examples in footnote 4) that is correlated with 6 within the population
from which the buyer is drawn. For tractability, our main focus is on the following
formulation of seller information (Section 6 discusses more general formulations): Let
X be a measurable space of signals that is endowed with some o-finite measure. The
seller observes n signals, " = (1, ..., z,), that are drawn i.i.d. conditional on 6 from
a distribution Py € A(X) with density f(-,6). Thus, the seller’s information is more
precise the richer her amount of data n, and we will be interested in settings where
n is large.

Upon observing the signals x”, the seller updates her prior h about the buyer’s
type. She then chooses a direct mechanism, which asks the buyer to report his type
and, as a function of this report, specifies allocation probabilities ¢ : © — A(2%) for
each bundle along with an expected transfer ¢t : © — R.1* Denote by ¢(B;0) the
allocation probability of bundle B C G to type 6.

In the second-best problem, the seller chooses ¢ and t conditional on each signal

14This formulation rules out asking the buyer to place “bets” (a la Crémer and McLean, 1988) on
the realization of ™. This is in line with the above interpretation of z™ as a collection of personal
data that is known to the buyer.



sequence x" to maximize her expected revenue

RSB .= supE[t(6) | "] (1)

q,t

subject to the incentive compatibility (IC) and individual rationality (IR) constraints

> a(Bi6) (17 -60) —t(0) = > q(B;0) (17 -0) — t(6'), V6,0’ €O, (IC)

BCG BCG

> a(Bi6) (17 -60) —t(6) >0, Vo € ©. (IR)
BCG
The seller’s second-best revenue is then the ex-ante expectation RSP := E[RSE].

As discussed in the Introduction, the solution to the second-best problem (i.e.,
the optimal mechanism) is in general complicated. Thus, we are interested in un-
derstanding how well the seller can perform at large n by using simpler mechanisms.
To evaluate the performance of different classes of mechanisms, we do not explicitly
derive the corresponding revenues at any given n. Instead, we analyze the conver-
gence rates of these revenues to the first-best as n grows large. Formally, denote by
R¥B .= E [deG 99} the first-best revenue, i.e., the expected revenue the seller
can achieve when she directly observes the buyer’s type and thus can fully extract
his valuation 8, for each good g. Note that, as n grows large, the second-best rev-
enue converges to the first-best, i.e., lim,_,,, B2 = RFB, as observing infinitely many
signals perfectly reveals the buyer’s type to the seller given Assumption 1.5 below.
Moreover, by definition, the rate at which RSE converges to R¥E represents the op-
timal (i.e., fastest) convergence rate of the seller’s revenue to the first-best across all
IC-IR mechanisms.

Convergence rates to the first-best also provide a parsimonious way to compare
the performance of simple but suboptimal mechanisms: Whenever n is large enough,
mechanisms whose revenues converge to the first-best faster yield higher expected
revenues than mechanisms with a slower convergence rate. At the same time, achiev-
ing the optimal convergence rate to the first-best is a less demanding criterion than
maximizing revenue at each n. Thus, there may be simpler classes of mechanisms
than the second-best that nevertheless attain the optimal convergence rate.

We will be particularly interested in the following two classes of simple mecha-

nisms: Under pure bundling (which we often refer to as bundling for short), the

10



seller posts a single price p(G) for the entire grand bundle G of goods and makes a sale
only if the buyer is willing to purchase all goods at this price. Under separate sales,
the seller posts a separate price p(g) for each good g and sells g to any buyer willing
to pay this price.’® Let RPY (resp. R5Y) denote the seller’s expected revenue when in
(1) she is restricted to optimizing over bundling (resp. separate sales) mechanisms.
Let RP := E[RPY] and RSP := E[R3T].

Throughout, we impose the following regularity conditions. For technical conve-
nience, we extend the signal distribution P, and signal density f(-,0) to all types in

some compact neighborhood 6 D o:
Assumption 1.

1. The prior density h is strictly positive and locally Lipschitz continuous for all

0 cO.

2. For all z € X, the signal densities f(x,0) are strictly positive and C* in 6 €
int ©, and there is L > 0 such that, forall g, € G, 6,0 € int O, andz € X,

9% 1n f(z,0) 9% 1n f(x 0 9% 1n f(x,0") / 16
80,00, ‘ < L and ‘ 80,00, 96,00, < Lfje" - 9.

3. The signal distributions Py are continuous in 6 € O with respect to the total

variation distance.
4. We have supgeo [ (supgee In f(,0))* dPy(z) < oo.
5. The Fisher information matriz 1(0) € RICXIG " given by
10)= (- [ G w0 an) ®)
00,00, 0.4'€C
is well-defined and positive definite for each 6 € ©.

The main content of Assumption 1 is that the log-signal densities In f(z, §) are suf-
ficiently well-behaved. Most importantly, Assumption 1.5 requires that, conditional
on 6, their expected curvatures #{;gl In f(x,0) with respect to changes in 6 are well-

defined. The Fisher information matrix /(6), which summarizes these curvatures, is a

15Under bundling, ¢(G;0) = l{zgec 0,>p(G)}> q(0;0) = 1{Egec 0,<p(C)}+ o) =
l{zgeeggzp(g)}p(G) for all . Under separate sales, ¢(B;0) = 146,>p(g)vgeB and 0, <p(d')Vg'¢B}>

t(0) = >_,cq Li6,>p(9)yP(g) for all 0.
16Here, || - || denotes the L'-norm on RI¢!, ie., ||y := S gec gl

11



standard statistical measure of how informative signals are about type 6 and will fea-
ture prominently in our analysis. Fisher information provides a local approximation of
the Kullback-Leibler divergence between the signal distributions at type 6 vs. nearby
types ¢, as KL(Pp, Py) := [1In ;g;;g)) dPy(z) = (0 — ') - I(0)(6 — ') + o(]|0 — 0')?).
Imposing positive definiteness on each I(#) implies that KL(Py, Psr) > 0 for all  # ¢,

so signal distributions differ across different types. For example, if signals conditional

on each 6 are distributed Gaussian with mean 6 and a fixed positive definite covari-
ance matrix 3, then I(6) = X! for all #, and positive definiteness rules out perfect

(positive or negative) correlation across signal coordinates.

3 Main Result

3.1 Optimal Convergence Rate

Our main result, Theorem 1 below, shows that bundling allows the seller to achieve
the optimal convergence rate to the first-best, whereas the convergence under separate
sales is slower. Naturally, how fast the seller can approximate the perfect information
benchmark depends on how informative her signals are about the buyer’s type. By
explicitly characterizing these convergence rates in terms of the underlying signal
distributions, Theorem 1 also sheds light on the relevant measure of informativeness
in this setting.

To formalize this, the Fisher information matrix I(6) introduced in Assumption 1.5
turns out to play a key role. By the Bernstein-von Mises theorem, this measure is
closely tied to the covariance of the seller’s posterior at large n: Conditional on
(almost) any true type 0*, the seller’s posterior as n — oo is approximated by a nor-
mal distribution A (6%, £1(6*)~") whose covariance matrix is the scaled down inverse
Fisher information 17(6*)~!. Consequently, for any bundle B, the standard deviation
of the seller’s posterior about the buyer’s valuation 17 - 0 of B is approximated by

&\/g*), where

MB(0%) := /1B - [(9*)-11B.

An important property of standard deviation is subadditivity. In particular, if |G| >

12



2, then letting \9(0*) := AM94(6*) for each g € G, we have

A8 < SN, g

geG

where the inequality is strict by the positive definiteness of I(6*).7
Let AB := E[AP(0)] for each bundle B. For any sequences of real numbers x,, y,
with lim,, o 2, = lim, o ¥y, = 0, write x,, ~ y, if lim,,_ % =1, i.e., if x, and y,

vanish equally fast as n grows large.

Theorem 1. Under the second-best mechanism and optimal bundling mechanism, the

revenue gap to the first-best vanishes equally fast:

1
RFB_REB NRFB_RELdNAG ﬂ (4)

n

Under separate sales, the revenue gap to the first-best vanishes more slowly:

/1
RFB . Rzep ~ Z by % (5)

geG

By (4), when the seller optimizes over all mechanisms, the gap between her revenue
RSB and the first-best revenue R'® vanishes as fast as A%y /™2 as the amount of data
n grows large. Crucially, (4) also shows that the seller can achieve this same optimal
convergence rate to the first-best under pure bundling, because RF® — RP4 likewise
vanishes as fast as \“ \/% . In both cases, how fast the seller can approximate the
first-best depends on the signal distribution only through the coefficient A\, which,
as noted above, captures how fast the seller’s posterior standard deviation about the
value 1¢ - 6 of the grand bundle vanishes.

To interpret this result, note that at each n, pure bundling is in general suboptimal,
as optimal mechanisms may involve menus of bundles and/or lotteries over bundles.
However, the result shows that bundling is an effective way for the seller to exploit
rich consumer data, providing a rationale for this simple class of mechanisms. As
n grows large, any revenue gain from optimizing over general mechanisms vs. pure

bundling is second-order: By (4), the only potential difference between the revenue

"Since I(0*) is symmetric and positive definite, ||y||o~ := /vy - I1(0*)~1y yields a norm on RI¢I
induced by an inner product. Thus, for any non-empty and disjoint B, B’ C G, the triangle inequality
implies APYF(0%) = [[1795 ||g- < [|17]|g- + (|17 [lo- = AP (07) + AP (6).

13



gaps RFB — RSB and RYP® — RPY is a term that is o (,/IHT”>, but such a term is

negligible relative to A%/ an at large n.'® One way to quantify this is by saying that
at large n, the benefit of optimizing over general vs. bundling mechanisms is smaller
than the benefit of having access to even an arbitrarily small fraction of additional

signals: For any € > 0, no matter how small, we have
RF(dl teyn] > R3B for all large enough n,

i.e., the seller is better off under pure bundling with (1 + ¢)n signals than under the
optimal mechanism with n signals.!®

In contrast, (5) shows that under separate sales the seller’s revenue approximates
the first-best more slowly: R'B — R5P only vanishes as fast as ) gea N \/% , and
by (3), D_yea A > A¢ for |G| > 2. Thus, whereas for small n, the seller’s revenue
may be higher under separate sales or bundling depending on parameters, Theorem 1
implies that bundling always outperforms separate sales when the seller has access
to rich enough consumer data. To understand this performance gap, note that at
large n, (4)-(5) imply that to attain the same revenue as under bundling (or under
the optimal mechanism) with n signals, a seller who uses separate sales would need

gy 2
to have access to at least (ngg Aq) n signals.?’ Depending on parameters, the ratio

ZQGG A9
\G

can be arbitrarily large:

Example 1. Suppose G = {1,2} and signals x; € R? are distributed Gaussian with

O'2 p0'2 AL 2
. . o (0)+X2(0) _ 20
mean 0 and covariance matrix 2 = 0?02 . Then TX0 T oAt > 1

for all 6. This ratio, and hence the performance gap of bundling vs. separate sales, is
decreasing in the correlation p of signals across goods and approaches oo as p — —1

(while it approaches 1 in the perfect correlation limit p — 1).%! A

BFor any f,g: N — R, write f(n) = o(g(n)) if lim,,— oo % =0.

19This has a similar flavor to Bulow and Klemperer’s (1996) seminal (non-asymptotic) result
that, in independent private value auctions, an auctioneer’s benefit of using optimal vs. second-price
auctions is smaller than the benefit of having just one additional bidder.

20 Another way to compare these mechanisms is in terms of their performance ratios relative to
de _ Inn . Bt Inn (Eg >‘g_>‘G)
RE —1—0<\/n while Zr =1— /55 =g —

0 (1 / h‘n”), so the ratio approaches 1 faster under bundling than under separate sales.

the second-best. Theorem 1 implies that

2IThis is broadly reminiscent of classical findings (e.g., Adams and Yellen, 1976; Schmalensee,
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We prove Theorem 1 in Appendix A.2. Section 4 illustrates the main ideas.
Notably, the proof implies that under bundling, the seller can achieve the optimal
convergence rate using a pricing algorithm that does not require her to know the
prior type distribution: At each realized signal sequence ", compute the maximum-

likelihood estimate 6, of the buyer’s type. Then price the grand bundle at

X 1 -
Pan = 16 - pn — \/%\/16? Lpn (6,0)~116. (6)

Here I, (-) denotes the empirical Fisher information, which replaces the expectation

with respect to Py in (2) with the sample average (see Appendix A.2.1). Thus, under
(6), the price depends only on two statistics: The seller’s best estimate 1¢ - O, of
the buyer’s valuation of the grand bundle, shaded by (an amount that approximates)
the standard deviation of this valuation scaled by v/Inn. While (6) need not coincide
with the optimal pure bundling price (which does not typically admit a closed-form

solution), we show that the induced expected revenue gap R'E — E[1y,. . <16.0)Den]

again vanishes at the optimal rate A/ IHT”

Remark 1. Convergence rates of other simple mechanisms. Theorem 1 high-
lights that the optimal convergence rate is achieved by a particularly simple, albeit
stark, class of mechanisms—pure bundling. However, a fortiori, this implies that the
optimal convergence rate is also attained by optimizing over other simple and less ex-
treme classes of mechanisms that generalize pure bundling. This includes commonly
observed mechanisms such as (i) nested bundling (the seller offers a menu of bundles
that are nested by set inclusion) and (ii) two-part tariffs (the seller charges an entry
fee along with a usage fee for each good).?? Like pure bundling, these mechanisms
involve no randomization and only limited menus of bundles and are in general subop-
timal at any fixed n. At the same time, the suboptimal convergence of separate sales
extends to mechanisms where the seller chooses a more general partition By, ..., By
(1 < k <|G]) of G and prices p(By) for each ¢ (e.g., Palfrey, 1983): The convergence
rate is Z'gzl \Be \/% , which is in between that under separate sales and bundling

and faster the coarser the partition.

1984) that negatively (resp. positively) correlated valuations across goods favor bundling (resp.
separate sales) under some conditions. However, note that in this example p parametrizes signal
correlations and that bundling outperforms separate sales for all p when n is large enough.

22Pure bundling corresponds to the special case of (ii) where the entry fee is the price of G' and
the usage fee is 0 for all g.
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Countervailing forces to pure bundling. In various natural settings, The-
orem 1 breaks down as even the first-best may not involve all goods being sold.
Section 6 considers two such cases—seller production costs and negative buyer valu-
ations. A generalization of Theorem 1 remains valid: The optimal convergence rate
to the first-best is achieved by mechanisms that, similar to pure bundling, offer just
a single bundle (albeit generally a strict subset of G) at a take-it-or-leave price. This
preserves the message that a seller with rich enough consumer data derives only a

negligible benefit from using more complicated menus or lotteries over bundles. A

3.2 Gaussian Environment and Illustration of Convergence

As Theorem 1 highlights, an advantage of analyzing convergence rates to the first-
best is that this allows for sharp comparisons across different mechanisms that do not
depend on all the specifics of the environment (e.g., the details of the prior and signal
distributions). On the flipside, convergence rate results are silent about revenues at
fixed n, which would depend on the details of the environment. However, this does not
mean that the predictions of Theorem 1 only apply once n is so large that revenues are
very close to the first-best. This can be illustrated by considering numerical examples.

Specifically, we introduce the following deterministic Gaussian setting that will
also play a central role in the proof of Theorem 1. For any type 6*, denote by
Rl ussn(0%) (i € {SB,bd,sep}) the seller’s optimal expected revenue (under general
mechanisms, bundling, and separate sales) when her belief about the buyer’s type is
N(6*,£1(6%)71).2* Thus, whereas in our original model the seller’s posterior at each
n is stochastic and depends on the realized signal sequence x™, here the seller observes
no signals and n parametrizes a deterministic sequence of Gaussian beliefs that con-
centrate on 6* as n grows large. Nevertheless, by the aforementioned Bernstein-von
Mises theorem, this deterministic Gaussian setting approximates the seller’s expected
revenues conditional on type 6* in our original model, where this approximation oc-

curs faster than the convergence in Theorem 1:%*

gauss,n

»That is, Rgiesn(0) = supg,Exge 17(9-)-1)[t(0)] subject to (IC)-(IR), and Rpf . (0%)

(Roohss,n(07)) is the seller’s value when the sup is over bundling (separate sales) mechanisms.

24Lemma 1 is immediate from Propositions A.2 and A.3 in Appendix A.
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Lemma 1. For almost all 6* € © and all i € {SB,bd,sep},

B4 10%] ~ Ry 0°) = o ( %”) .

The revenues in this Gaussian setting can be studied numerically as a function
of n. Figure 1 plots the revenues under pure bundling, separate sales, and mixed
bundling (i.e., the optimal deterministic mechanism, see Section 4.4); it also plots an
upper bound on the second-best revenue that we will derive in Section 4.5.

Note that in both panels of Figure 1, the predictions of Theorem 1 start to apply
at values of n that are moderate, in the sense that all revenues are still far from the
first-best revenue of 0.6.2° First, pure bundling starts to outperform separate sales
very quickly, and the revenue gap between the two remains significant throughout
the domain of the figure. Second, the revenue gap of pure bundling relative to both
mixed bundling and the second-best bound all but disappears at a point where these
revenues are still only a moderate fraction (less than 70%) of the first-best revenue.
Finally, reflecting the impact of correlation on the relative performance of separate
sales vs. bundling highlighted in Example 1, the revenue gap between separate sales
and bundling is more pronounced in the left-hand panel of Figure 1 where p = —0.5
than in the middle panel (p = 0) and right-hand panel (p = 0.5).

4 Main Ideas behind Theorem 1

This section illustrates the main ideas behind Theorem 1. Section 4.1 reduces the
analysis to the Gaussian setting from Section 3.2. Section 4.2 analyzes single-good
monopoly, establishing a key result about revenue losses on the intensive vs. extensive
margins. Based on this, we derive the convergence rates under bundling vs. separate
sales (Section 4.3), and show that offering menus of bundles does not improve the con-
vergence rate relative to pure bundling (Section 4.4). Finally, Section 4.5 introduces
a relaxed problem that yields an upper bound on the second-best revenue. Using this,

we show that bundling achieves the same convergence rate as the optimal mechanism.

25The slow convergence in Figure 1 reflects the slow convergence speed of ,/lnT" in Theorem 1.

Note that (unlike in our original model) revenues in this deterministic setting are initially decreasing
in n, as very low n correspond to very high posterior variance, which benefits the seller by allowing
her to charge very high prices and focus on extracting surplus from right-tail types.
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p=—0.5 p=0 p=0.5

Figure 1: Gaussian setting with 6* = ( 82 ), I(0%)~1 = ( [1) f ), and p = —0.5 (left), p=0

(middle), or p = 0.5 (right). We plot revenues R (0*) under pure bundling (orange), mized

gauss,n
bundling (purple), separate sales (blue), and the upper bound R:fuss’nw*) on the second-best revenue
(yellow) as a function of n. All revenues converge to the first-best RFB(0*) = 0.6 (gray) as n — oo.

4.1 Reduction to Gaussian Setting

To prove Theorem 1, it suffices to establish the following analog of this result in the

deterministic Gaussian setting we introduced in Section 3.2. Let R™(6*) := 3 . 0;.

Proposition 1. For all 6* € ©, we have

1
RIP(0%) = B n(67) ~ RP(6) = Ryt (67) ~ AO(6°)1 | =,
Inn
d RO — R (0F) ~ A(0F)4 ] —.
an (6%) = Bighasn(07) ~ 3 N0 —

geG

That Proposition 1 implies Theorem 1 follows from the Gaussian approximation
in Lemma 1, along with additional arguments that allow us to go from the conditional
revenues in Proposition 1 to the ex-ante expected revenues in Theorem 1.2 Hence-

forth, we focus on the Gaussian setting and illustrate the ideas behind Proposition 1.

4.2 Single-Good Monopoly: Intensive vs. Extensive Margin

First, we analyze the convergence rate to the first-best under single-good monopoly.
Suppose |G| = 1 and the seller’s belief is distributed N(6*,02/n) for some * > 0;
the corresponding cdf is F,(x) := ® <w>, where @ is the standard normal cdf.
Under single-good monopoly, the optimal mechanism is a posted price: The seller

chooses a price p,, and sells the good to buyers of type § > p,. Let R} denote the

26Such arguments are needed because the approximation errors in Lemma 1 are not uniform in 6.
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optimal revenue in this setting, which is given by

R; = maxp(l — F,(p)).
p
Let p; denote an optimal price.
To understand how fast the revenue gap to the first-best (i.e., RF®(0*) — R} =

0* — R?) vanishes as n grows large, it is helpful to decompose this gap as follows:

0" =R, =0"—p, (1= Fu(p,) = 0" —p, + O0F.p,) — (O —p,)Fu(p,)-
N—— ——

(& /
-~

intensive margin  extensive margin smaller order terms

That is, at each n, the optimal price p; must trade-off revenue losses on the intensive
margin (i.e., due to price discounts relative to the first-best) and the extensive
margin (i.e., due to some buyer types refusing to buy). To reduce intensive-margin
losses, the seller wants to choose a price sequence p, that approaches 6* as fast as
possible. But if the rate at which p, — 6* is too fast, then extensive-margin losses
F.(p,) =@ <w> may vanish too slowly or fail to vanish at all.

The key observation is that this tradeoff dictates that p? is set in such a way that

revenue losses at large n are driven almost entirely by the intensive margin:

Proposition 2. In the Gaussian environment with |G| = 1 and 0 distributed N'(6*, 02 /n)

for some 0* > 0, any optimal price sequence p;, satisfies

1
RYB(0*) — R* ~ 6° — p* ~ lnn% and  0°F,(p}) = o ( %) NG

Moreover, for any price sequence p, with 0* — p, ~ §(6* — pk) for some 6 € [0,1), we
0% Fn (pn) —

Inn

have lim,, 00.

n

Proposition 2 shows that losses on the extensive margin 6*F,,(p}) become negligible
relative to the intensive margin 0* — p; at large n. Hence, the revenue gap relative to
the first-best vanishes at the same rate as the intensive margin. Moreover, this rate
takes a simple form, given by the standard deviation\/iﬁ of the seller’s posterior scaled

by vInn.?” While there is no closed-form solution for the optimal prices p?, the result

2"To understand this rate, note that if the intensive margin is proportional to the standard devi-

ation (6* —p, = Ii% for some k > 0), extensive-margin losses F,(p,) = ® (W) =®(—k) do
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implies that the same optimal convergence rate is achieved by a simple pricing rule,

pn = 0" — m% (8)
which shades the price by the amount \/m% relative to the posterior mean 6*.

It may appear counterintuitive that the intensive and extensive margins are highly
imbalanced at the optimum. Why can’t the seller reduce the intensive margin a little
by correspondingly increasing the extensive margin? The “moreover” part of Proposi-
tion 2 sheds light on this point: If the intensive margin is scaled down relative to the

optimum 6* — p? by some factor § < 1, then the extensive margin explodes relative to

the magnitude 1“7" of the intensive margin, which is clearly suboptimal. Notably,
this occurs even when 0 is arbitrarily close to 1. This reflects the relatively thin tails of
the Gaussian distribution, which make the tail-event probability F},(p,) very sensitive

to the choice of p,, (Appendix C.3 extends this to more general distributions).

4.3 Bundling vs. Separate Sales: Role of Standard Deviation

We return to the multi-good setting, |G| > 2, with seller belief N (6%, L1(6%)71).
Proposition 2 immediately yields the convergence rates of R ,(6%) and RE® . (6%),
as under both bundling and separate sales, the seller’s problem reduces to single-good
monopoly.

Specifically, bundling is an instance of single-good monopoly, where the good is

the grand bundle and the buyer’s type is ) gec 0. Since the standard deviation

of 3 ety is 4/ 1G'I(9;)711G = )‘(i/(f;), (7) then yields that the revenue gap relative
to the first-best vanishes as fast as vIn n&\/%*). In contrast, under separate sales,

the seller solves a collection of single-good monopoly problems, one for each good

19-1(6*)~119

g, with corresponding type 6,. Since the standard deviation of 8, is —

Ag\(}j), (7) yields that the revenue gap relative to the first-best vanishes as fast as

Vi Zaee 0
Thus, the reason that convergence under bundling is faster than under separate

sales boils down to the fact that the standard deviation of the sum of all valuations

>_gec Uy is less than the sum of the standard deviations of each individual valuation

not vanish with n. For the extensive margin to vanish, * — p,, must be scaled up, where the role of
the scaling factor vInn comes from the exponential form of the standard normal distribution.
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6,. By Proposition 2, this allows the seller to charge a bundling price p24(G) that at
large n exceeds the total price >, piP(g) under separate sales. By the dominance
of the intensive margin, this ensures a higher revenue under bundling.

At a high level, this reflects the intuition that bundling reduces the seller’s un-
certainty about the buyer’s type relative to separate sales, as overestimating the
valuations of some goods but underestimating those of others can cancel out when
estimating the valuation of the grand bundle. However, for this intuition to be valid
in our setting, it is crucial that Proposition 2 shows that the relevant measure of
uncertainty at large n is standard deviation, which is subadditive. The same logic
would not have been valid under other natural measures of uncertainty: For example,
the variance of gec Ug can be greater or smaller than the sum of the variances of all

6,, depending on the correlation across dimensions.?®

4.4 Bundling vs. Mixed Bundling

It remains to show that general mechanisms, which may involve menus of bundles
and randomization, cannot achieve a faster convergence rate than pure bundling. As
a first step, we focus on the effect of menus and ignore randomization. IC-IR deter-
ministic mechanisms correspond to mized bundling: The seller sets prices p(B) for
all bundles B, and the buyer chooses which bundle to purchase.”® Let (pi™(B)) 5.
denote the optimal mixed bundling prices under the seller belief AN/ (0*, %I (6*)_1).
Relative to pure bundling, mixed bundling allows the seller to extract revenue
from buyers who are unwilling to purchase the grand bundle G, i.e., those types with
> gecty < pP4(G). However, while this improves the seller’s revenue at each n, we
show that the benefit in terms of the convergence rate to the first-best is negligible.
The logic relies on the intensive vs. extensive margin analysis in Proposition 2.
Indeed, by (7), the extensive-margin losses under pure bundling from types ) 0, <
Py (G) become negligible relative to the intensive-margin losses Y ., 05 — ph?(G) at

large n. Thus, the only way for mixed bundling to achieve a first-order improvement

28To illustrate a setting where variance would have been the appropriate measure, consider a
generalization of the monopolist’s problem in Section 4.2, where 0 is distributed N (6*, %2) and
the price choice p induces a payoff u(p,6). If u(p,0) is smooth, Taylor approximation arguments
imply that the gap to the first-best payoff is proportional to the variance %2 However, in our
setting, u(p, ) = ply,<gy is discontinuous at p = ¢. This makes it more difficult to approximate the
first-best payoff, leading to the slower convergence rate v/In n%

29We implicitly assume that a buyer cannot purchase multiple bundles at once.
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6,

Figure 2: lllustration of segmentation when |G| = 2.

over pure bundling would be if mixed bundling allowed the seller to raise the price
of the grand bundle in a significant enough way that the intensive-margin losses
> gec by — P(G) vanish strictly faster than »° 0 — pP4(G). However, this is
impossible by the “moreover” part of Proposition 2: Under any such price sequence
PIX(@), extensive-margin losses (i.e., the rejection probability of the grand bundle)
would increase so substantially relative to pure bundling that this would more than

offset the improvements on the intensive margin.

4.5 Bounding the Optimal Revenue via a Relaxed Problem

Finally, we show that bundling achieves the same convergence rate as the second-best
mechanism. Relative to mixed bundling, the second-best mechanism may involve

randomization and, as noted, can be difficult to characterize. To get around this, we

SB
gauss,n

the seller’s optimal revenue Ezfuss,n(e*) in a more tractable relaxed problem. We
then show that even RYB(6*) — }_%:fuss,n(
RFB(Q*) _ Rbd (0*)

gauss,n

instead derive an upper bound on the second-best revenue R (6*) by considering

0*) does not vanish at a faster rate than
To define the relaxed problem, we split the type space into one-dimensional

segments: Fix a full-rank matrix A € RUC=DXIG and partition types into lines

(©y)yerlici-1, where

0, := {0 ¢RI A9 =y} for each y € RI¢I-.
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See Figure 2 for an illustration when |G| = 2, in which case A corresponds to a
vector in R? and each line segment is parametrized by a real number y. Given this

. -5 .
segmentation, denote by RgaBussm(G*) the second-best revenue when the IC constraint

SB
gauss,n

i.e., we only require that

governing R (0*) is relaxed to only hold across types in the same line segment,

ST a(B:6) (17 -0) —t(6) > S a(B;#) (17 -9) —1(¢), VyeRIE 10,0 €0,

BCG BCG

Thus, it is as if the seller observes each type 0’s segment (i.e., the vector Af) before
choosing a mechanism. Clearly, R:fuss’n(Q*) > R5D o n(07).
An advantage of the relaxed problem is that solving for szuss,n(

0*) reduces to a

collection of problems with one-dimensional type spaces. That is, R (0*) can be

gauss,n

written as the average

SB
gauss,n(

R 0") =E [Raussn(0" [ 9)]

gauss,n

where RSD (0% | y) denotes the second-best revenue when the seller’s belief over
types is the conditional distribution on segment ©, induced by N (0*, %] (9*)*1), and
the expectation on the right is with respect to y being distributed N'(A6*, ZAI(6*)*AT).
Since each ©,, is one-dimensional, analyzing RSP . (0% | y) is quite tractable. Sec-
tion 5 below characterizes optimal mechanisms in a more general environment with
one-dimensional types (dropping the Gaussian assumption). The key observation is
that optimal mechanisms at each ©, are “almost deterministic:” In addition to deter-
ministic bundles, they offer (at most) a single lottery over bundles. Thus, ruling out
more complicated mechanisms with infinitely many lotteries, the optimal mechanism
at each ©, is a simple modification of mixed bundling. Based on this, a similar logic

to the comparison between mixed and pure bundling in Section 4.4 implies that, at

SB

Y
each ©,, the seller’s second-best revenue R;; . ,

(0* | y) does not converge to the first-
best, faster than does her conditional pure bundling revenue RyS ., (6% | y). That is,
the seller’s revenue gain from randomization becomes negligible at large n.

A crucial remaining issue is that the pure bundling price at each ©, may in general

depend on y, so the bundling revenue E [RES (6% | y)] in the relaxed problem may
bd

be greater than the revenue Rgauss,n

(0*) in the original problem. However, this issue

can be avoided by carefully choosing how to segment the type space in the relaxed
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problem. Specifically, we choose the matrix A in such a way that the conditional
distribution of gec 0q at every segment ©, is the same as the unconditional dis-
tribution of e 6,. That is, observing the buyer’s line segment (i.e., the vector
A#) provides the seller with no additional information about the buyer’s valuation of
the grand bundle. Picking an A with this property is always possible, since in the
current Gaussian setting this is equivalent to the requirement that A9 and 1 - 6 are
uncorrelated.® Under this choice of A, the optimal pure bundling price at each ©,
is the same as the optimal pure bundling price in the original problem. Hence, the
seller’s pure bundling revenue in the original problem can be written as

Rbd (0*) —E [Rbd (0* | y)} ]

gauss,n gauss,n

Combined with the previous paragraph, this yields the desired conclusion that RFB(0*)—

Eifuss’n(ﬁ*) does not vanish at a faster rate than R¥B(9*) — R4 (6*).

gauss,n

5 Analysis of One-Dimensional Type Setting

This section analyzes (a generalization of) the one-dimensional type environment
at the center of the argument in Section 4.5. As claimed in Section 4.5, we show
that optimal mechanisms take an almost deterministic form. This result may be of
independent interest beyond its application in Section 4.5.

Let B denote a finite set of allocations, which we enumerate as {1,2,...,m}. An
agent’s type is described by an L' random variable 7 that admits a strictly positive
density on some interval 7' C R. We normalize types so that 0 € T'. Each type 7 € T'
is associated with a vector a(7) € R™, where «ay(7) represents type 7’s utility from

allocation £. Our key assumption is that « is linear, i.e., there is § € R™ such that
a(t) = a(0) + 7.

Let 8 := max{f,...,Bn} B = min{pi,...,Bn}, and assume there exists some
allocation ¢ for which az(0) = 87 = 0. Section 4.5 is a special case of this environment
where B corresponds to the set of bundles (with ¢ the empty bundle), but the current

formulation does not require Gaussian type distributions or additive valuations.?!

30For example, if |G| = 2 and Var(f;) = Var(6), then we can pick A to be the vector (1,—1).
31More specifically, the current setting nests Section 4.5 by letting T = R and choosing o with
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The current setting also encompasses some other economic applications.>?

A direct mechanism consists of a pair of measurable functions ¢ : T — A(B)
and t : T"— R. Let M denote the set of all direct mechanisms (g,t) that satisfy
both IC (i.e., a(7) - q(7) — t(7) > a(7) - q(7") — t(7’) for all 7,7/ € T') and IR (i.e.,
a(t) - q(t) —t(r) > 0 for all 7 € T). The designer’s objective is to maximize the
expected transfer E[t(7)] subject to IC and IR.

Since f7 = 0 € |3, f], we can pick a lottery

by € argmax «(0) - ¢ such that 5-¢=0;
q€A(B)
that is, by yields maximal utility among all lotteries that give the same utility to all
types. Let D := {6 : k € B} denote the set of deterministic allocations. Let

M* = {(q,t) € M : q(T) S DU {bo}}

denote the subset of IC and IR mechanisms that involve only allocations that are
either deterministic or by. The following result shows that it is without loss of opti-
mality for the designer to restrict attention to such mechanisms. Note that the choice

of the lottery by is independent of the type distribution.
Proposition 3. We have sup, e E [H(7)] = sup(, e E [H(7)].

We prove Proposition 3 in Appendix B. As in Manelli and Vincent (2007) and
Daskalakis, Deckelbaum, and Tzamos (2017), we reformulate the designer’s problem
as an optimization over agent value functions V : T" — R that are induced by IC-IR
mechanisms. However, in contrast to these papers, a challenge is that V' does not
uniquely pin down the corresponding mechanism (and hence the designer’s payoff),
because the allocation space has a higher dimension than the type space. Thus, we
solve the problem in two steps: First, for each V', we optimize over the set of IC-IR
mechanisms that induce V'; second, we optimize over V. We show that, while the

objective in the second step is non-linear in V, it has a piecewise linear structure.

ar(0) = E[f - 15¢|A0 = y] and B, = 1P¢ . 2 for each bundle B, where z € RY is such that Az = 0.
32For example, the linearity assumption is satisfied in settings where allocations correspond to
multi-dimensional consumptions (e.g., state-contingent payoffs) and types represent weights over
dimensions (e.g., beliefs). Also, Boleslavsky and Kolb (2024) consider a setting where an agent
purchases allocations (“influence bundles”), whose payoff depends linearly on his one-dimensional

type.
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Based on this, we verify that it suffices for optimality to consider V' functions that
are induced by mechanisms in M?.

Relative to deterministic mechanisms, the role of offering lottery by is to extract
more surplus from types for whom IR binds. To illustrate, consider the case where
a(0) - by > 0 and by is a non-degenerate lottery. Suppose that under an optimal
deterministic mechanism, there is a non-trivial interval T CTof types who receive
the degenerate lottery d;. Clearly, IR binds for these types and they pay nothing to
the designer. But then the designer can strictly improve her payoff by offering by at
price «(0) - by > 0 to these types instead of §;. Under this modification, IC remains
valid, because (1) - by = «(0) - by for all 7 € T by construction of by, i.e., all types

are indifferent between receiving by at price by - a(0) or receiving d; for free.

Remark 2 (Optimality of deterministic mechanisms). If instead «(0) - by =
0, we can set by = &5, so Proposition 3 implies the optimality of a deterministic
mechanism. A sufficient condition for «(0) - by = 0 is if 5, > 0 for all ¢, i.e., the
utility to each allocation is nondecreasing in types. This observation contrasts with
Ghili (2023) and Yang (2023), who consider settings with one-dimensional types but
without our linear utility assumption. In their settings, optimal mechanisms in general

require randomization, even though all bundles’ values are nondecreasing in types. A

6 Extensions

Production costs/negative valuations. In our main model, the first-best R'™® =
E[1¢ - §] involves supplying the grand bundle to all buyer types. This can fail if
the seller faces a production cost or some types have negative valuations for some
goods. Appendix C.1 extends the analysis to allow for both possibilities: First, to
produce each bundle B, the seller incurs a cost ¢(B), so that R"™® = E [1%¢ - 0 — ¢(By)]
involves supplying a possibly different bundle By € argmaxgcq (1B -0 — c(B)) to
each type 6. Second, we drop the assumption that © C Rlﬂr and instead assume
155 .0 — ¢(By) > 0 for all § € ©, which ensures positive gains from trade.*® In this
setting, a simple generalization of pure bundling—single-bundle mechanisms—
achieves the optimal convergence rate to the first-best: Let R.P4 denote the expected

revenue when, following each signal sequence x", the seller optimally chooses a single

33If ¢ = 0, this simply requires each type to have a positive valuation for at least one good.
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bundle B and fixed price p(B) at which to offer this bundle. Theorem C.1 shows that
R'B — R!™ vanishes at the same rate as R — RSB namely as fast as E[]A%?(6)] /22,

Non-additive utilities. While we focused on buyer utilities that are additive
across goods, this is not essential for our main result. Appendix C.2 assumes that the
buyer’s utility from receiving bundle B and paying transfer ¢ takes the form wp — t,
where the only restriction on the valuations wg is that wg > max{wg, 0} forall B C G.
This allows for fairly general complementarity and substitutability patterns across
goods, provided the buyer finds the grand bundle G most attractive.** Indeed, this
abstract formulation can capture other multi-dimensional screening settings beyond
multi-good monopoly; for example, bundles B might be reinterpreted as discrete
quality levels, where G represents the highest quality. As in our main model, prior
to choosing a mechanism, the seller observes n i.i.d. signals about the buyer’s type,
which in this setting corresponds to the vector w = (wp)pce € R, Applying
analogous arguments as in Theorem 1, Theorem C.2 shows that the revenue gap to

the first-best continues to vanish at the same rate under the second-best and optimal
bundling mechanisms, viz., as fast as E[A(w)]y/™2, where A(w) := V1 T(w)~116.
More general seller information. To formalize precise seller information, we
assumed that the seller observes n i.i.d. signals about the buyer’s type. This formu-
lation allowed us to apply the Bernstein-von Mises theorem to reduce the analysis
to a setting with a deterministic sequence of Gaussian seller beliefs. While we do
not pursue this direction in the current paper, we conjecture that our results can be
generalized to certain classes of correlated signals, by applying non-i.i.d. versions of
the Bernstein-von Mises theorem to extend this Gaussian approximation approach.
As an alternative modeling approach, Appendix C.3 takes as a primitive a general
(not necessarily Gaussian) deterministic sequence of seller beliefs indexed by n that
converge to a point-mass on the true type #*. Such beliefs can be interpreted as the
outcome of the seller observing increasingly precise information that need not take
the form of n (i.i.d. or correlated) signal draws. Under a condition that rules out
heavy-tailed seller beliefs, we extend the key insight (Proposition 2) that intensive-
margin losses dominate the extensive margin at large n under single-good monopoly.
Based on this, Proposition C.1 shows that pure bundling continues to achieve the

same convergence rate to the first-best as the optimal deterministic mechanism.?®

34This can be further relaxed, similar to the negative type case in the previous paragraph.
35We do not analyze non-deterministic mechanisms, but conjecture that the approach via the re-
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A Appendix: Main Proofs

This appendix presents the proofs of Propositions 1-2 (Appendix A.1) and uses these
to prove Theorem 1 (Appendix A.2). Online Appendices B-C present proofs and

other omitted details for Sections 5-6.

A.1 Gaussian Environment

We analyze the Gaussian environment from Section 3.2. Appendix A.1.2 proves
Proposition 2. Appendix A.1.3 uses this to prove (a strengthening of) Proposition 1.

Throughout Appendix A.1, we denote by R*(u, %) (i € {SB, bd, sep}) the seller’s
optimal expected revenue (under general mechanisms, bundling, and separate sales)
when her belief is distributed A (u, 2); when |G| = 1, we drop the superscripts i. Let
® and ¢ be the cdf and pdf of the one-dimensional standard normal distribution. Let
7 := sup,er ¢(z)x. We will often use the following Gaussian tail bound (Wainwright,
2019):

2
O(—2) < exp[—%], for all z > 0. (9)

(b(_Z) 2 - 1.

Moreover, the tail probability admits the approximation lim,_,. [
Vanlz] SPITT

A.1.1 Preliminaries for Single-Good Case

Assume |G| = 1 and fix some p,0 € R. Then R(u,0%) = max,er p(1 — @ (E£)). Let

x*(p, 0?) := argmax, g (p + z0)(1 — ®(z)) be the optimal normalized price.

Lemma A.1. We have |x*(u,0?)| > \/2 ‘lnm‘. If >0, then x*(p,0%) < 1.

Proof. Let z* := x*(u,0?). To prove the first claim, assume p # 0, as the claim is

trivial if 4 = 0. The first-order condition for revenue maximization implies
02 0(l=0@") = (p+oz7)p("),
which yields 1 — ¢(z*)2* > Zp(z*). Thus we have

g
<(1+7)—.
[

laxed problem in Section 4.5 might be extended by exploiting the non-Gaussian analysis in Section 5.
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which ensures |z*| > \/ ’ln —1+))

After manipulation, we get e””~ > (5)2 mu

If 4 > 0, the derivative of revenue with respect to x > 1 satisfies
x
(1= 00) ~ pla)(u+ o0) < o (22— ptage) <0
Therefore, x* < 1 is needed to satisfy the first-order condition. O]

Lomma A2 A= 0 then fn o7) < o {u - U\/Q ‘ln )

M}
) 9 .
Proof. As before, let x* = 2*(u,0%) denote the optimal normalized price. If z* < 0,
then by Lemma A.1, z* < —\/ ‘ln

—1+) ‘ Thus,

In

R(p,0%) = (n+a*o)(1 - @(z")) < (u+a"0) < p— 0\/2

1
o2 (1 +7) ‘
If z* > 0, then by Lemma A.1, 2* < 1. Thus,

wto

R(p,0%) < (n+ oa7)(1 = (a")) < —;

Combining the above, we obtain the desired bound. O]

Proposition A.1. If p > 0, then for every n € N,

{ lnn
max- ft —o

lnn

n 2V 27rn Inn

pto/vn

1+7)‘ 2

} > R(j,0*/n)

> u—0

If 1 <0, then for every n € N, R(u,0?/n) < /*%o.

Proof. First, consider ;> 0. By Lemma A.2,

2 n pto/vn
R(u,a/n)gmax{,u \/_\/‘ . 27r1+’y)' 5 }
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Thus, the desired upper bound follows from the observation that

\/’ o 27r1+7)‘_\/

To derive the lower bound, observe that the revenue from offering price p — o4/ h;" is

Inn+2ln ———— Inn

i
o\/ﬂ(lJr’y) U\/_ +’Y)‘

where the second inequality uses the bound on the Mills ratio (Wainwright, 2019).
Next, consider < 0, and let z* := 2*(u, 0?/n). Then
c1-0@) o &(-2") o e_@ o
Riu,0%/n) < ji+a° ) R N
\/_ Vi oe(e) Vi e(a) T Vi o) Vn

where the first equality uses the first-order condition =(1-®(z")) = (u+z* %) p(z),
and the second inequality uses the tail bound (9) at z* > |u|/(c/+/n) > 0. O

| /\

A.1.2 Proof of Proposition 2

Take any 6 > 0 and sequence of prices (p,) with 6* — p,, ~ dvIn n\/ig Then

g

— f* 2 )
Fo(pn) =@ (M) = exp {—%lnn +o(lnn)| = n_%+0(1)’

and thus
5 0*F,(pn) 0if 6 > 1,

o120 —1/2 (10)
noo (Inn) 2012 g i 5 < 1.

Additionally, if 6" — p, = VInnJ=, then lim, (lﬁ)}f}‘% = 0, and hence R'B(9*) —
R.(pn) ~VIn n—=, where R.(pn) == pn(1 — F(prn)). This implies that, up to taking
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a convergent subsequence, any sequence of optimal prices (p}) must satisfy

RFB 9* _ Rn * 9* ok
1> Jim &) U’“(p”k) > lim P (11)
k—so00 lnnk\/_TTk k—o0 lnnkﬁ

If either inequality is strict, then 6* —p; ~ év/In k= for some ¢ € (0,1), so (10)
implies the contradiction that
0Pl BP0~ R, 1)

T k—oo Inny,

oo = lim
k—oo y/In ny,

Thus, both inequalities in (11) hold with equality, which implies R¥B(6*) — R, (p?) ~
VinnZ ~ 6" —p;,. This in turn implies that O*F.(p-) =0 (@ / 1“7”), as claimed.

A.1.3 Proof of Proposition 1

We prove the following stronger result than Proposition 1, which we will use in the
proof of Theorem 1. Assumption 1 ensures that I(6) is invertible for each 6 € O, and
that {I(§)"!: 6 € O} is a compact set consisting of positive definite matrices. Let
J be a compact neighborhood of {I()~!: 6 € é)} By choosing J to be sufficiently

small, we can assume that every J € J is positive definite.

Proposition A.2. There is K > 0 such that for all 6* € é, JeJ,andn eN,

i 1 « 10 Inn_q G 12
RO, —T|—60"-1"+ | —1%-J1
n

n

< Kn™Y?  fori=hbd,SB,

and < Kn~'/2,

R5eP | g lJ —9*-1G+Z ln—nlg-Jlg v
n n

geG

A.1.4 Proof of Proposition A.2

geG g n
the desired inequalities for bundling and separate sales follow from the single-good

case (Proposition A.1) combined with the compactness of © and J. Since R (9*, %J ) <
RSB (0*, %J ), the lower bound for RSB (9*, %J ) is immediate from the bundling case,
and it suffices to establish the desired upper bound for RSB (0*, %J )

Since R (1, .7) = R (Ve 0, 1572°) and 17 (0, 11) = Xpe R (05, 252),
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To this end, suppose types are distributed N (6*, %J) for some 6* € © and J € 7.
Enumerate the set of bundles as B = {B, : £ = 1,...,m}, where m = 2/¢ and
B,, := G. Rewrite types as vectors w € R™, where each coordinate w, represents
the valuation of bundle B,.* Note that w is distributed N (y, %E), where y € R™
satisfies y, = deBg 0 for all £, and X € R™™ satisfies Xpy = deBbd,eBy Jaq for
all £,¢'. Observe that y is strictly positive and y,, > y, + k for all £ # m, where
K = Mingeq geo 04 > 0.

Consider the following relaxed problem. Pick a full-rank matrix A € Rm=Hxm
with AYX1™ = 0.3 Conditional on Aw = 2z € R™!, w is distributed N(g)z,%ﬁ),
where 9 == y + B(z — Ay), B := SAT(ASAT)™!, ¥ = 5 (I- AT(AXAT)1AY),
and [ € R™*™ is the identity matrix. Define

_ 1 1~
o 15) e (29)]
n n

where the expectation is with respect to z = Aw, which is distributed NV ( Ay, %AEAT).
The value B~ (y, %E) represents the seller’s revenue in the relaxed problem where
each type w is restricted to only report types in {w' € R™ : Aw' = Aw}. Clearly,
RSB (7, L7) <R (y,1%).

Conditional on Aw = z, the buyer’s type belongs to {w’ € R™ : Aw’ = z}, which
is a line of the form {y* + 7X1™ : 7 € R}. Thus, the current setting is a special
case of the environment in Section 5, where «(0) := ¢* and § := ¥1™. Moreover,
conditional on Aw = z, the valuation w, of each bundle B, is distributed N (¢, %&%),
where 62 := 3. Crucially, §Z, = Y and 62, = 02, := S, ie., the distribution of
the valuation w,, of the grand bundle is unchanged by observing z. This is because
AXY 1™ = 0 ensures that w,, and Aw are uncorrelated.

To apply the analysis in Section 5, we define the lottery

b; € argmax y° - ¢ such that 5-¢ = 0.
qeA(B)

Conditional on Aw = z, the value of b is thus distributed N (g, £63), where g :=

36This more general formulation is useful for analyzing non-additive utilities (Appendix C.2).

37In particular, if £1™ = 0, then we can choose any full-rank matrix A. If ¥1™ # 0, then
{a :a-¥1™ =0} is an (m — 1)-dimensional hyperplane in R™, and hence includes m — 1 linearly
independent vectors ai,...,ay_1. Then the matrix A with row vectors a1, ..., a,_1 has row rank
m — 1 and satisfies AX1" = 0.
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bi- 97 and 62 := b5 - Ebo Let R® ( ? 12) denote the optimal revenue when restricting
attention to mechanisms that allocate to each type either a deterministic bundle
{6p, : ¢ =1,...,m} or bj. By Proposition 3, this restriction is without loss.

The followmg result establishes an upper bound on R? ( 2 1 f])

Lemma A.3. Suppose that y,, > U; + k/2 > 0 for all ¢ = 0,1,...,m — 1. Then
R? < ? 12) 18 bounded above by

‘ K/2
max { Y, — m
Y om V21 (1 +7)

Proof. Any IC-IR mechanism that allocates only deterministic bundles and b§ can be

K Om, 21
’ym—ﬂm}*% o

represented as a collection of prices p, for each deterministic bundle By (¢ =1,...,m)
and price py for lottery b§. For the empty bundle By, where w; = 0 for all types, it
is without loss to set p; = 0. Denote by P, the probability measure conditional on

z = Aw. The revenue ) ;" P.(wy — pr > wp — peV')py is bounded above by

Ym — 6/2+ Y Pu(wr — pr > wp — poVl) max{p, — (ym — £/2),0}
=0

< Ym—K/2+ ZPz(we > pe) max{p, — (ym — £/2),0}
=0

< Y —#/24 > R — ym + £/2,67/n)
2m
< Ym—K/2+ R(K/2,02,/n) —I—Z\/ — 0y,
l#m

where the last inequality uses part 2 of Proposition A.1. Then part 1 of Proposi-
tion A.1 yields the desired bound. [

To complete the proof of Proposition A.2, recall that y* = y + B(z — Ay) and
U, =Ym >y +kforal ze R and £ =0,1,...,m — 1. Pick € > 0 small enough
that all z with ||z — Ay|| < e satisfy y,,, > 9§ + /2 > 0 forall £ =0,1,...,m — 1.
Since z is distributed NV'(Ay, £AXA"), there is K > 0 such that, for all n,

_ 1 1.
\RSB (y,—z)—E[RSB (y E ) ||z—Ay||<e}
n n
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By Lemma A.3, there is K5 > 0 such that, for all n,
g [~ Lle Inn\ "> _1/2
E|R" 95 -X):|lz— Ayl <e| <ym—| — Om + Kan™ /7.
n n

Since y,, = deG ¢ and o, = (1G : JlG)l/Q, this implies the existence of K > 0

such that B " (y,1%) < > gecty — (lnT")l/2 Om + Kn=/? for all n € N. Finally, by

compactness of © and J, the coefficient K can be chosen uniformly in y and X.

A.2 Proof of Theorem 1

A.2.1 Preliminaries

Denote by R'()\) (i € {SB,bd,sep}) the optimal expected revenue (under general
mechanisms, bundling, and separate sales) when the buyer’s type is drawn from A €
A(©). Denote by A» € A(O) the seller’s posterior after observing signals z™. For
all i € {SB,bd,sep}, R = E[Ri(\,»)]. For all signals 2", the compactness of © and

continuity of In f implies the existence of a maximum likelihood estimate (MLE)

Opn € argmalen f(z:,0).

IS —

(Note that the maximum is taken over © instead of ©). The empirical Fisher

information at 0 is the matrix

I (9) - _1 3 8—2 In f(x 9)
xn «— n — aegaeg/ 19 /EG .
9,9

1=

For each 2™, denote by Agn the Gaussian distribution with mean 6,» and covariance
matrix %Imn(éxn)*l if Ion(B,n) is invertible; if I,n (6,4 ) is not invertible, we set the co-
variance matrix to be the identity matrix. Denote by TV the total-variation distance
on A(RICN ie., TV()\, N) := supg (AM(O') — N(©')), where the supremum is taken
over all measurable subsets ©' C RICI.

By the Bernstein-von Mises theorem, the seller’s posterior A\,» can be approxi-
mated (with respect to the total-variation metric) by the Gaussian belief Agn. More-

over, Hipp and Michel (1976) bound the approximation errors. Denote by Py and E,
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probabilities and expectations conditional on the true type being 6:

Lemma A.4 (Hipp and Michel (1976) ). For each 6 € int O, there is ¢y > 0 with
Po(TV (Agn, Agn) > con™/?) = o(n™1).

It is also known that the MLE 6, is asymptotically normal conditional on each
0. Specifically, the distribution of n'/2(6,» — 6) is approximated by the Gaussian
distribution with mean 0 and covariance matrix 1(6)~*, denoted by Ny (g)-1. Moreover,

Pfanzagl (1973) bounds the approximation errors, uniformly in 6:

Lemma A.5 (Pfanzagl (1973)). There is ¢ > 0 such that for every § € ©, convex
set E CRY, and n € N, we have ‘PQ (nl/Q(éxn —0) e E) — N](Q)fl(E>‘ < dn~V2,

Let T := suppee pcg (17 - 1(9)_113)1/2, which is finite by compactness of © and
Assumption 1. Forevery B C Gandn € N, let EP := {2 e RI¢ : 2. 1% > (Inn)'/?T}.
Then for all n € N,

N Inn\ 2
Po [|(0n — 0) - 17| > <—) T
n

_ T

< op 20810 1B)YE 4, =1/2 < (2+ c/)n_l/2

— Y

< Nioy-+(Ey) + n™'/?

(12)

where the first inequality uses Lemma A.5 (with corresponding coefficient ¢’). The
second inequality uses the Gaussian tail bound (9).
We first prove some preliminary lemmas. Endow |G| x |G|-matrices with the norm

| Al := sup,o % = geq Maxyeq |Ayy| induced by the L'-norm on RIGI:
Lemma A.6. There is C > 0 such that for all @ € © andn € N,

Py [Agn) >1—Cn7'/2, (13)
where Ay, is the event that || Ln(64n) — I(9)]| < (1‘17”)1/2 C'. Moreover, there is w such

that for all @ € © and n > M, Iyn(0yn) is invertible with || Iy (0)"1 — I(0)71]| <
C\Lon (Byn) — 1(0)|| for any z™ in Ag.,.

Proof. Inequality (13): By Assumption 1.2, there is a Lipschitz coefficient L of
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8%1n f(x
084 69

) that is uniform in 9,9 € G and x € X. Then for every n € N and 6 € O,

Inn 1/2 ] Inn 1/2
Py | |[Lzn (0) — L ( mn)” > ( ) LT < Py|l|0— ean > < ) T
n n
Inn\ 2 ]
< Py |(0 = ) - 19 > (—> T| < |GI2+d)n 1?2
geG n J

9%1n f(z,0) ‘

where the last inequality uses (12). By Assumption 1.2, L > sup,cy gco 4.cc | “55-90
’ . g g/

Then for every n € N and 6 € ©, Hoeffding’s inequality implies that

nn 1/2
Pehmm—awmn>(%;) §]

0*In f(x,0) "L 0%In f(x4,0)
2 B [ 0,00, T =52 "5 0,
9,.9'€G i=1

1/2
- (lnn) L < |GP2n172,
n 2

Combining the above observations and the triangle inequality, (13) holds for all
C > max{LT,|G|2+),%,2|G]*},n €N, and § € O.

Invertibility: By Assumption 1.5, ||[I(6)~'|] > 0 for each 6. Thus, there is € > 0
such that for any 0 € ©, n € N, and 2" with ||I(§) — Iy»(0,»)| < ¢, the matrix
In(0yn) is invertible with || Zpn (B,0) Y| < 2] 1(6)7Y|. Since © is compact and I(6)
is continuous in 6 by Assumption 1, € can be chosen uniformly in 6. Under such

realizations of =",

I(8)™ = Ln(Ban) Il = 1L(8) ™ (Lan (Bn) — 1(8))Lun (Bin) ™|
< 1O) M N1 Zen (Ban) = L@ Lan (o) M| < 2sup [|1(6)” PN e (8 ) — 1(B)].

By the proof of (13), the conclusion follows by taking C' > max{LT,|G|(2
), £,2|G|?, 2supgee |1(0)7*]|*} and 7 large enough that (22) Vo< O

Henceforth, we will often use the constant 7 and C' and events (Ay,,) obtained

above without explicitly referencing Lemma A.6.

Lemma A.7. There is C' > 0 such that for all § € ©, n >n, and B C G,

o |10 = O)I1 | Ag| < C'm7V2, (14)
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and < C'n Y2, (15)

E, [(13 : an(éxn)uB)l/ ) Ag,nl — (18- 1(9)15)"?

Proof. Inequality (14): Denote by F;n the cdf of (f,» — ) - 19 at 0, and by .,
the cdf of the Gaussian distribution with mean 0 and variance %19 - 1(0)~'19. Then

for every n € N, g € GG, and 0 € O,

[ sarge)| = | [ saie - [ arg, o

o (B, (k0) = B (k) + B, (=) = B, () = [

—FKn

Rn

(F(2) = F3, () ) d2

< Ak dnTV? < ATIRTV?,

where k,, := (1“7”)1/ T , the second equality uses integration by parts, and the first
inequality uses Lemma A.5. Let M := sup,.g ||f||. For all n € N, 6 € ©, the above
inequality and (12) yield

Eo |16 —0)I] = >

geG

<|G|2T¢ + M2+ ¢))n~V2 (16)

/zdﬁé‘]’n(z)

Then by Lemma A.6 and the fact that ||f,n — 0] < M for all 2™, (14) holds for some
large enough C".

Inequality (15): By part 2 of Lemma A.6, it suffices to show that sup,ce Eg|||Tun (fan ) —
I(0)| | Ag,] is bounded by a constant times n~'/2 for all n > @. By the part 1 of
Lemma A.6 and since suppeg ey znexn ||Lon (Bzn) — I(0)]| < oo (by Assumption 1), it
then suffices to show that Ey[|| Iyn (6,) — 1(6)]]] is bounded by a constant times n /2

for all n > 7.
9%1n f(CC,)
90400,

By Assumption 1.2, there is a Lipschitz coefficient L of that is uniform

ing,g e Gand x € X. Foralln e Nand 0 € ©,

Eo[||ZLen (Bn) — Len (8) 1] < |GILEo[||6n — 6]]] < LIGPP2T + M(2+)n” 2,

92 1n f(z,0)

where the second inequality uses (16). Let £ := Sup,cx gco . gcc 3050
99%g

finite by Assumption 1.2. For alln € N and 6 € ©,

‘, which is

—~1 0 0
— 580999/ In f(z;,0) — Eo {39999/ In f(‘rae):| “

B[l Ln(0) = I(O)]] < |G| max Eq

9,9'€G
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n

1/2
Zl > In f(x;,0) / < |G|en~Y/?
naégeg/ " - ’

=1

< |G| max (Varg

9,9'€G

where the second (resp. third) inequality uses Holder’s (resp. Popoviciu’s) inequality.

Combining these observations with the triangle inequality yields the desired claim. [J

A.2.2 Conditional Payoffs

Next, we prove a conditional analog of Theorem 1:

Proposition A.3. For all 0 € int O,

n

1 1/2
016 — Ey[RSB(Ayn)] ~ 0 - 1€ — Eg[R™(\yn)] ~ (ﬂﬁ : f(e)—110> ,

Inn 1/2
d  60-1¢ —Ey[R*®(\n)] ~ ——19.71(0)" 119 .
n AR~ Y (B 10) )

geG

The proof is immediate from the following two lemmas:

Lemma A.8. For all 0 € int O, there is Ky > 0 such that, for all i € {SB,bd,sep},

By [Ri)] — B [R (A0 ) | g

< Ky Y?+0 (n’m) .

Proof. Let ¢y > 0 denote the coefficients obtained in Lemma A.4. Since R'(\;») and

~

R'(A\;n) are uniformly bounded under realizations in (Ay,,), it suffices by Lemmas A.4
and A.6 to find K} such that

By ||[R' () = B (A )

| Agn N{TV(Asn, j\xn) < cen_l/Q} < K% +0 (n_l/Q) )
(17)

Let ©' C RISl be a compact neighborhood of ©. Let 5\;“ denote the conditional
probability measure on ©’ induced by A;». By Lemma A.6 and compactness of {1(9) :
0 € O}, there is M > 0 such that || L7,(0,n)7"|| < n~'M for every n > 7 and any
realization 2™ in Ay ,. Thus, since 6, is bounded away from R/ \@’ , there is M" > 0
such that A\« (RIS ©) < Mn~! and Jaiener 2o gec max{fy, 0} dAgn (0) < M'n~" for

any sequence of such realizations.
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The seller’s expected revenue under belief ;\xn can be bounded as follows:

A (O R (&;n) + /R S max{f,, 0}dA (0) > R’ ()\) > A (O) R (&;n) .

IGh\e/ geC

The left-hand side is the seller’s expected payoff when all types outside © are perfectly
observable. The right-hand side is the seller’s expected payoff when all types outside

©' do not purchase anything. Thus, there is M” > 0 such that )R’(X;n) - R (5\171) <
M'"n~"! for all 2™ in (Ag,,).
Observe that, for all 0 € ©, n > 2M, and 2" in Ay,
\/ 1/ N S 1— 5\$n<®/)
TV(Agn, An) = sup [Agn(E) — N (E)| = sup [Apn(E) — Agn (E)| + Agn (B) ——=
EC& ECO/ Axn (@,)
< TV(Agn, A )+£<TV(A Agn) + 2Mn~!
= ™y Axh 1— Mn-1 — Ty Agh n .
Since ©' is bounded, there is K > 0 such that for all 2" in Ap n,
R - B ()] < ’Ri(xzn) =R (V) |+ [ROG) = B (A
< KTV(Agn, Now) + M
The above observations yield (17) with Ky = Kcy. O

Lemma A.9. There exist K' > 0 and ' € N such that for all 6 € © and n > 7,

1/2 X
0.1¢ — (m_an : [(9)11G> —Eg[R' (Aan) | Apn]| < K'n™Y?  fori € {SB,bd},

n

and < K'n~'2,

| 1/2 A
0-19-)" (Mlg - 1(0)_119) — BEg[R*P(Asn) | Al
n

geG

Proof. By Proposition A.2, there is K > 0 such that for all n € N and z" with
Iin(0,0)" € J, we have

i (3 A G Inn_gq i \-11G V2
R ()\xn)—é’xn-l 4 (26 ()1
n

Inn\ ">
<K <—) for i € {SB, bd},

- n
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and

Inn A 1/2 Inn 1/2
ReeP (Axn)—exn-1G+Z<—1g ()" 119) <K( n) .

Lemma A.6 yields 7' such that for all n > 7', § € ©, and 2™ in Ay, we have
I;n(0,2)"' € J. Thus, Lemma A.7 implies the claim by setting K = K + C'. O

A.2.3 Completing the Proof of Theorem 1

Lower bound of revenue gap: We first show that R'® — RSB and RFB — RPd
(resp. R'B — R°P) vanish no faster than at rate (th")l/z]E [(L-1(6)7'1)"/?] (resp.
()2 5> GE[(19-1(6)711%)/2]). For i € {SB,bd},

n

lim inf(R'® — R ) (lnn)_1/2 = liminf / (01 — Eg[R'(\n)]) (m—”> _1/29(9)d6

n—00 n n—00 n

> /(16‘ 1(0)16)12g(0)d0 = E [(1€ - 1(9)116)1/7]

where the inequality holds by Fatou’s Lemma, as lim inf,,_, (6-19—Eg[R*(An)]) (222) i

n

(1¢-1(0)711%)'/2 for almost all & € © by Proposition A.3. The same argument implies

Inn\ 2
liminf(R'® — R°P) <—) > E[(17-1()7'19)7].

n— 00 n
geG

Upper bound of revenue gap: Next, we show that R'® — RSB and R¥E — RPd
(resp. RF® — R°P) vanish no slower than at rate (an)1/2 E [(19-1(6)~119)"/?] (resp.
(fom) 12 > gec B [(19- 1(0)7119)1/2]). For each 2, consider the mixed bundling mech-

n

anism that prices each B C G at 0 if Imn<éxn) is not invertible, and otherwise at

R R 1/2
pon(B) = 6, - 1% (hmlB fxnwxn)”B) |
n

We first lower-bound the probability that the buyer’s willingness-to-pay for B
exceeds pyn(B):

Lemma A.10. There exists M > 0 such that for all B C G, n>mn, and 0 € O,

Py[pen(B) < 0-18) > 1 — Mn~ /2.
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Proof. Let C' denote the coefficient obtained in Lemma A.6. By Lemma A.6, there
. 1/2
is M; > 0 such that ‘(13 : ]xn(an)*llB> - (18- 1(9)113)1/2‘ < (ln—")l/Q M, for

all BC G, 0€0,n>mand 2" with [|1(0) — L (6| < (22)2C.
Letting EB = {z € RIC: 2. 18 > (Inn)/? ((lB : _T(t9)_11B)1/2 + M, (lnT”)l/Q)}

for all BC G, n>mn, and # € O, we have

o

< N](g)—l (Ef) + Clnil/2

() (17 10)117) < 205 (17 10)1582) P appan)]
= )T 218 . 1()-1158 +cn7Y

2y (13-1(9)*1131“7")1/2“»1121“%
— n—l/2n 21B.1(0)—11B _|_ C/n—1/2

2My (17 . (g)~115mmn) /2 4 pp2inn
213 - 1(9)- 117

= nY2exp [(ln n) +n7V? < Myn™Y2,

where My > 0 is chosen uniformly in . The first inequality uses Lemma A.5, the
second inequality uses the Gaussian tail bound (9), and the last inequality uses the
inequality Inn < %, which holds for all n > 0 and o > 0.

For every B C G, n > n and 0 € O, by definition of p,»(B) and choice of M,
Pp[p.n(B) < 6 - 17] is weakly greater than the probability

Inn

) 1/2
P, [HI(@) ()] > (7) ¢ and

(0zn — 0) - 17 < (1%”)1/2 ((13 1(0)717) " 4 M, (1%”)1/2) ]

which in turn is no less than

X 1/2

o ()" o ()

Z 1-— (C + Mg)nil/Z,
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where the inequality uses (13) from Lemma A.6. This establishes the desired claim

with M = C + Ms. O
Next, we approximate the revenue from offering each bundle B at price p,(B):

Lemma A.11. There exists M’ > 0 such that for all BC G, n>n, and 6 € O,

< M'n~Y2,

Inn 1/2
Balps ()L cmcoany] =017+ (2017 1(6) 17

Proof. Let C' be the coefficient obtained in Lemma A.7. For all B C G, n > n and
0 € ©, (14)—(15) from Lemma A.7 imply

1 1/2
Eg[pon (B) | Agy) — 017 + (ﬂlB : 1(9)‘113>

n

< ‘Ee[éﬂ 1B | Ay, - 0- 13‘

Inn\ '
()
n
8% 1n f(z,0

Since SUP,e v pcint 6 4.4'cG |W9)| < oo by Assumption 1.2 and © is bounded,
I 1 g/
SUP,en gnexn [Pan(B)| < 0o. Given this and Lemmas A.6 and A.10, |Eg[p.~(B) |

< 20'n 12,

E, {(13 : fmn(émn)—lﬁ)m |A97n] — (18- 1(6)7'17)"?

Apn] — Eg[pan (B) 1y, . (5)<0-181]| is bounded by n'/? times a constant that is uniform
in 6. Thus, the desired bound follows from the above inequality. O

To complete the proof of Theorem 1, denote by kP4 := E[pen (G)1yp,.(c)<0163) the
expected revenue from the pure bundling mechanism that prices the grand bundle at
pan(G) at each x, (as in (6)). By definition, R* < R for each n. By Lemma A.11
applied to B = @G, the difference between R’ and E [9 19 — (26 ](9)*116')1/2]
is bounded by n~!/2 times a constant. This ensures that, for i € {SB,bd},

A ! ~1/2 o ~1/2
E [(19- ](0)_11G)1/2} > lim sup(R"B— kM%) (M> > limsup(R"B—R?) (M> .

n—00 n Nn—00 n

Analogously, denote by Rffp the expected revenue from the separate sales mech-
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anism that prices each good g at pn(g) at each 2. Then, by the same arguments,

. Inn\ 2
ZE (19 1(0)7'19)"/?] > limsup(R™® — R:P) | —
o n—00 n
Inn\ Y2
> limsup(R"® — RP) [ —
Nn—00 n
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Online Appendix to “Multidimensional Screening
with Rich Consumer Data”

Mira Frick, Ryota lijima, and Yuhta Ishii

B Proof of Proposition 3

B.1 Preliminaries

For each = € [, ], define

H = . h th P
(x) qlénAa%)a(O) g such that 5 -q =z,

H(z) := argmax «(0) - ¢ such that §-q = x.
qeA(B)

Note that the constraint set {¢ € A(B) : §-¢ = x} is nonempty for all z € [, A).

Furthermore, 0 € [, 8] because §; = 0. Henceforth, we fix some arbitrary by € H(0),

and we order the allocations such that § =, < ... < 3, = .

Each mechanism (¢, t) induces the agent indirect utility function given by V(1) =
a(1)-q(1)—t(7) for each 7. For any convex function V' : " — R, the set of subgradients
at 7 is

V() ={NeR: V() >V(r)+ N7 —7) Vr'}.

It is well-known that (i) OV (7) # 0; (ii) OV is a monotone correspondence, i.e., for all
7' > 7,inf OV (7") > sup 9V (7); and (iii) OV (1) is a singleton for almost all 7 € T". The
last property implies that for any two functions hy and hy with hy(7), ha(7) € OV (T)
for all 7 and any measurable function ¢, we have E [p(hi(7))] = E [@(ha(7))] . Thus,
we write E [p(0V(7))] for this expectation.

Let V denote the set of all convex functions defined on 7" such that V' (7) > 0 and
OV (1) C [B, B] for all 7. By standard arguments, any IC-IR mechanism (¢, ¢) induces
an indirect utility function V' € V. In particular, its subgradient takes the form

B-q(r) € OV(7) (18)

for all 7. However, in contrast to the single-good monopoly problem, in our setting
there are typically many mechanisms that induce the same indirect utility function
but may lead to different payoffs for the designer. Let M(V') be the set of all IC-IR
mechanisms (¢,t) € M that induce the indirect utility function V', and let M?*(V)
be the subset of such mechanisms that are in M?.

The following four preliminary lemmas are proved in Appendix B.3. First, we



derive the designer’s optimal payoff among all mechanisms that induce the same
indirect utility function. Moreover, we explicitly construct an optimal mechanism
that induces the indirect utility function V:

Lemma B.1. Consider any V € V. Then M(V) # 0 and

W?E%V)E (t(7)] = E[H(OV (7)) + 70V (T) = V(7)].

Moreover, for any mechanism (q,t) such that for all T,
1. q(t) € H(OV(7)) := U,eov(r) H(T),
2. (1) = af7) - q(1) = V(7),

we have (q,t) € arg max(y emv) E[t'(7)].

Lemma B.1 immediately yields the following reformulation of the designer’s prob-
lem, in terms of optimization with respect to V:

Corollary B.1. We have

sup E[t(7)] =supE[H(OV (7)) + 70V (1) — V(1)].
(g,t)EM Vey

The next lemma establishes a structural property of H that is useful for simplifying
the optimization problem with respect to V:

Lemma B.2. There exists a subsequence (By,)1) of (Be)i-, with By, = B and By, ,, =
B such that

1. H is linear on [By,, Be,,,
2. H(Be,) N (DU{bo}) # 0 for everyi=1,... . k+1,
3. Be; =0 for somei=1,...,k+ 1.

For the remainder of this section, we fix the sequence (8,)i=1, k1 derived in
Lemma B.2. Let V* be the set of all V' € V such that oV (7) € {fe,,...,Be,.,} for
almost all 7. The following lemma shows that the designer can restrict attention to
indirect utility functions in V* (as long as the type space is compact):

for everyi=1,... k,

Lemma B.3. Assume T is compact. For every V €V, there exists V € V* such that
E |(H©OV(r) +roV(r) = V(r))| > E[H@V(7) + 10V (1) = V(7).

The final lemma guarantees that any indirect utility function in V* can be induced
by some mechanism in M?:

Lemma B.4. For every V € V*, there exists (q,t) € M3(V) such that
E[(7)] = E [H(@V(r) + 70V (7) - V(7))

2



B.2 Completing the Proof of Proposition 3

First, assume that 7" is compact. Take any (¢,t) € M and let V' denote the corre-
sponding indirect utility. By Lemma B.3, there exists V' € V* such that

E H(@V(T)) + 7'317(7') — ‘7(7')} >E[(HOV(r))+ 10V (r)— V(1)) > E[t(r)]

where the second inequality uses Lemma B.1. By Lemma B.4, there exists some
(q,t) € M* with E[t(7)] = E [H(@V(T)) + 70V (1) — V(7)| that delivers a weakly
higher payoff than (g, ¢). This proves the result when 7" is compact.

To prove the result for a general interval 7" C R, we want to show that, for
any (¢,t) € M and ¢ > 0, there is (¢*,t*) € M? such that E[t(7)] < E[t*(7)] + .
To this end, note that for any £ > 0, there is a compact interval T C R of types
with E[1__7max, ay(7)] < £/2 because 7 is L'. For any (¢,t) € M, IR implies
t(r) < maxg oy(7) for every 7, and hence E[t(7)] < suppep E[1,e76(7)] +¢/2. By
the result for the compact case, there is (¢*,t*) € M? such that E[1__zt*(7)] +¢/2 >
sup(g iem E[1,¢7(7)], where t*(-) > 0. Thus,

Elt(r)] < E[1, 7" (1) + e <E[I*(7)] + &
B.3 Proofs of Lemmas B.1-B.4
Proof of Lemma B.1. We first show that

sup E[t(r)] <E[HOV(r))+ 10V () — V(7).
(g.t)EM(V)

To see this, consider any (g,t) € M(V). By (18), 8- q(1) € 9V (7) for all 7. Thus,

Eft(r)] =E[a(0)-q(r) + (B-q(r)r =V(r)] < E[H(B q(7))+ (B-q(r))T = V(7)]
= E[HOV(r))+ 1oV (r)—V(1)].

Now, consider any mechanism (g, t) such that for all 7,

1. q(1) € H(OV (1)),



To see that (g, t) is IC, note that type 7’s utility from misreporting to be type 7 is
a(r) - q(7) =t(7) = (1 =7)(B - q(7)) + V(7) < V(7) = al7) - q(7) — £(7),

where the inequality uses [ - ¢(7) = 0V/(7), which follows from ¢(7) € H(OV(7)).
Thus, (g,t) is IC. Moreover, by construction it induces V' > 0 as the indirect utility
function. As a result, (¢,t) € M(V).

Finally, because again ¢(7) € H(0V (7)) for all 7,

Eft(7)] = E[a(0) - ¢(7) +p(B - q(1)) = V(7)] = E[H(OV (7)) + 70V (1) = V(7)],

as claimed. O

Proof of Lemma B.2. The following lemma implies Lemma B.2. This is because
one can add 0 to the sequence (B,)"f! constructed in Lemma B.5, since we have
[3,] 2 0 and H(0) > by by construction.

Lemma B.5. There exists a subsequence (By,)i4) of (Be)jL, with By, = B and By, =
B such that

1. H is linear on [By,, Be,.,] for everyi=1,... k; and
2. H(Be,) N D #D for everyi=1,..., k+1.

Proof of Lemma B.5. Consider the linear program associated with the value H(z):

H(z) = yrenAaé) a(0) -y such that g -y = =.

By strong duality, the above is equal to the value of the dual program:

H(z)= min 2z + 25 such that z;8 + 2,1 > «(0)
(21,22)€R2

= min zx + (m?X ay(0) — Zﬁz)

z€R

= min zz + G(2),

z€R

where G(z) := maxy a(0) — 23,.



Note that G(z) is a piecewise linear function. That is, there exist z; > ... > z
and S = {gla--wgk—l—l} - {1,2,...,m} with 1 :€1 < £2 <0 < £k+1 = m such that

ag, (0) — 20, if z € [z1, +00),
G(2) = ay,(0) — 2, if z € [z, 2i-1) fori =2,...k, (19)

oy, (0) =28, if z € (o0, z).

Observe that 0G(2;) = [—B,,,, —B,] for all i. Thus, whenever —z € 0G(z;), which

occurs when z € [y, Be we have

i+1]7
H(z) = ziz + G(%). (20)

This proves the first part of the lemma.
To prove the second part, suppose that ¢ = 1,..., k. Then by (19) and (20),

H<5£z) = Ziﬁﬁi + G('zl) = afi<o)'
Thus, o, € H(S,), whence D N H(SBy,) # (. If instead ¢ = k + 1, then by (19)—(20),

H<ﬂfk+1) = Zkﬁ@kﬂ + G(Zk) = &£k+1<0)'

Again, 0y, ,, € H(fy,,,), and hence D NH(By, ) # 0. O

Proof of Lemma B.3. Write T' = [7,7], and let ([3,...,I;) be any interval parti-
tion of 7.3 Let M(Iy,..., I),) be the set of non-decreasing functions h : T — [3, 8] for
which h(1;) C By, B, ] for each i = 1,..., k. We endow M(I4,..., ;) with the L'
norm, making it a metric space. Let S(Iy,...,Iy) € M([y,..., 1) denote the set of

all functions in M(Iy, ..., ;) that are step functions taking values in {51, ..., Bri1}-

Claim 1. The set M(I,...,Ix) is compact and convex, with ext(M(Iy,...,I})) =
S(Iy, ..., Iy).

Proof of Claim 1. Clearly, M (I, ..., I}) is convex. To prove compactness, it suffices to
show that M (14, ..., I}) is sequentially compact, since M (I3, ..., I;) is a metric space.
To this end, consider a sequence h,, € M([y,...,1I;). By Helly’s selection theorem,

there exist a subsequence (n;) and a function h such that lim; , hy, (7) = h(7) for

38We allow I; = () for some j.



all 7. Hence, we also have h € M (I4, ..., I}). Moreover, by the Lebesgue dominated
convergence theorem, fj |hn,; (1) — h(7)|dT = 0. Thus, M(I4,...,I}) is sequentially
compact. The proof that ext(M(Iy,...,1Iy)) = S(I1,...,Ix) follows from standard
arguments (cf. Lemma 2.7 in Borgers, 2015). O

To complete the proof of Lemma B.3, consider any function V' € V. Let p* =
min (arg min, ¢y V(7)). Consider any monotone function ¢ : ' — R such that (1) €
OV (7) for all 7 € T. Define the interval partition Iy, I, ..., I by

I :90_1([651’652))’ SRR I :w_l([ﬁfkaﬁfk-‘.l])'

Note the following two properties of I4,..., I;:
1. pe M(Iy,...,1I}),

2. forall h e M(ILy,...,I;), h(7)(T —p*) > 0 for all 7.

To see that the second property holds, note that §5; = 0 for some 7. Thus, p* is the
lower bound of interval I;. Then any h € M(Iy,...,I;) is decreasing at 7 < p* and
weakly increasing at 7 > p*.

Next, define the functional T': M(Iy,...,I;) — R by

T(h)=E || H(h(r)) + Th(T) — /h(T’)dT/
p*
By the dominated convergence theorem, 7' is continuous. Moreover, 1" is linear, since

H is linear on [5;, 5;41] for every i = 1,... k by Proposition B.2. Thus,

E [1grery (H(OV (7)) + 70V (1) = V(7))] = E [1prery (H(o(7)) + m0(7) — V(7))]
=T(p)=V()< sup T(h)-V(p")= max T(h)-V(p"),

]’LEM(Il ..... Ik) hES(h ..... Ik)

where the last equality follows from Claim 1 and Bauer’s maximum principle.
Thus, there exists some h € S(I1,...,I;) for which

T(h) =V(p") 2 E[(H(OV (7)) + 70V (7) = V(7))].

Define V by V(7) = pr* h(r')dr'. Since h € S(I,...,It), V(1) € {Bes-- s Br, }
for almost all 7 € T. Moreover, because h € M(Iy, ..., ), we have h(7)(r —p*) >0

6



for all 7 € T'. Thus,

min V(1) = V(p*) = 0.

TeT

Together, this implies V € V4. Hence,

T

E [(H@V (1)) + 70V () ~ V(r))| = E | (H(k(r)) + 7h(r) - / h()dr')

= T(h) =V(p") 2 E[(H(OV (7)) + 70V (1) = V(7))],

as claimed. O

Proof of Lemma B.4. Let ¢ be an allocation rule with ¢(7) € H(OV (7)) for all .
Since by Lemma B.2 8‘7(7) N{Be,---+Be,, } # 0 for all 7, we can choose ¢ such that
q(1) € {bo} UD for all 7. Define transfers () := a(7) - ¢(t) — V(7). By Lemma B.1,
(a:1) € argmaxy pycpqr) E(r)] and Eft(r)] = E |H(OV(7) + 70V (r) = V(7).

Moreover, by construction, ¢(7) € D U {by}. Hence, (¢,t) € M*(V). O

C Details for Section 6

C.1 Production Costs and Negative Types

In our main model, the first-best RF® = E[1¢ -] involves supplying the grand bundle
to all buyer types. This can fail if the seller faces a production cost or some types
have negative valuations for some goods. We now extend the analysis to allow for
both possibilities: First, to produce each bundle B, the seller incurs a cost ¢(B), so
that R™® = [ [15 - § — ¢(By)] involves supplying a possibly different bundle By €
argmax pc g (1B -0 — c(B)) to each type 6. Second, we drop the assumption that
O C R'ﬂ and instead assume 159 -0 — ¢(By) > 0 for all § € ©, which ensures positive
gains from trade.

In this setting, a simple generalization of pure bundling—single-bundle mech-
anisms—achieves the optimal convergence rate to the first-best: For each signal
sequence z", let RI24 denote the expected revenue when, conditional on 2", the seller
optimally chooses a single bundle B (possibly a strict subset of G) and price p(B) at
which to offer this bundle. Let R’ :=E[RI}].



Theorem C.1. Under the second-best mechanism and optimal single-bundle mecha-

nism, the revenue gap to the first-best vanishes equally fast: Letting \ := E[NB(@) ()],

RFB _ RSB  RFB _ plbd ln_n

n

C.1.1 Proof of Theorem C.1

The proof proceeds analogously to Theorem 1. Denote by ©* the set of types 6 € int ©
such that argmaxpc 6 - 17 —¢(B) is a singleton. Types are in ©* with probability 1.
The analysis of the one-dimensional environment in Appendix B extends unchanged;
that is, optimal mechanisms only use deterministic bundles and one specific random
bundle.

We extend the analysis of the Gaussian environment in Appendix A.1. Denote
by R'(6*,1J) (i € {SB,1bd}) the seller’s (second-best and single-bundling) payoffs
under the belief A'(*,£J). An analogous argument as in Proposition A.2 yields a
K > 0 such that for all * € ©*, J € J, n € N, and i € {SB, 1bd},

i (e 1 x 1B(6%) * Inn_ e B(6%) ks ~1/2
RO, —J)|—-0"-1 +c(BOY))+ | —1 - J1 < Kn™ /=
n n

Combined with the Gaussian approximation in Appendix A.2.1, we obtain the
following extension of Proposition A.3 that characterizes the convergence rate of the
seller’s payoff conditional on each type: For each § € ©* and i € {SB, 1bd},

> b, — c(B(6)) — Eg[Ri(Aor)] = (l%”)m MO 9) + o ((“‘T”) 1/2> .

This approximation, together with Fatou’s Lemma, implies that both RF® — RSB and

RFB — RIP vanish at least as slow as Ay/22.

To show that R™ — RSB and R'™ — R’ vanish at least as fast as A\y/22, we
extend the argument in Appendix A.2.3. Denote by R4 the expected revenue when,
following each realization x", the seller uses a single-bundle mechanism that offers

the bundle B, at price p,»(B;n), where

Byn € argmax p,«(B) — ¢(B)
BCG



and p,n(B) for each B C G is as defined in Appendix A.2.3. Clearly, RIPd > Ribd
By the same argument as in Lemma A.11, there exists M’ > 0 such that for all
n>mn,0 €00, and B C G,

1 1/2
Eo[(par (B) — e(B)) Ly (my<oa5y) — 0 - 1% + ¢(B) + (213 1(6)~ 1B> < M'n~V2,

n

For every n > m and # € ©, we have

Ep[(pun (Ban) — (B-T"))]‘{pL B,n)<6- 1an}] > Ep[pun (Byn) — ¢(Byn)] — M"n?
max Fg[p,(B) — ¢(B)] — M"n~1/?

>
BCG
2 glggEG[(px“<B) — c(B)) iy, (m)<015y] — M=t
B Inn B —-14B 2 / my,,—1/2
> max0-1° —¢(B)— | —17-1(6)"'1 — (M"+ M")n
BCG n

for some M" M" >0 that are chosen uniformly in 6, where the first and third inequal-
ities use Lemma A.10, the second uses the definition of B,», and the fourth uses the
above extension of Lemma A.11.

Since BRIP4 = E[(pyn (Byn) — ¢(Ban)) 1y 0 (Bon)<6.152n 1), We can lower-bound Ribd _
E [e 180 _ o(B(9)) — (22150 1(9)*113@)”2} by n~V/2 times a constant. Then,
as claimed, we have that for i € {SB, 1bd},

] —1/2
E [(13(6) _](9)—113(6))1/2} > hmsup(RFB Rlbd) ( nn)

N—00 n

Nn—00 n

1 ~1/2
> limsup(R*™® — R!) ( nn) .

C.2 Non-Additive Utilities

We extend the main result to a setting where the buyer’s payoffs are not additive
across goods. Let B = 2¢ be the space of all bundles with m = |B|. The buyer’s type
is represented by a vector w € R?, where entry wp represents his valuation of bundle
B. His utility from receiving bundle B € B and paying transfer ¢ is wg —t. Type w is
drawn from a density g whose support is some compact set 2 C R® with non-empty
interior. We assume that wg > max{wg, 0} for all B C G and w € Q. Thus, every

buyer type finds the grand bundle G most attractive.

9



As in our main model, conditional on buyer type w, the seller observes a sequence
of n signals, " = (z1,...,x,), that are drawn i.i.d. from a distribution P, € A(X)
with density f(-,w). The seller then chooses a direct mechanism, described by map-
pings ¢ : Q — A(29) and ¢ : Q — R. Conditional on 2", the second-best revenue is
RSP = sup, , E[t(w)|z"] subject to

Z q(B;w)wp — t(w) > Z q(B;wwp — t(w'), Yw,w' €Q, (IC)
BeB BeB
Z ¢(B;w)wp — t(w) >0, Yw e Q. (IR)
BeB

Let RSB := E[R®E] and R¥® := E [wg]. Let RP4 denote the seller’s optimal expected
revenue at 2 when she is restricted to using (pure) bundling. Let Rb? := E[RPd].*
We impose an analog of Assumption 1. As before, we extend the signal distribution
P, and density f(-,w) to all types in some compact neighborhood () D Q. Here, we
pick € sufficiently close to € so that wg > max{wg, 0} holds for allw € Q and B € G.

Assumption C.1.

1. The prior density g 1is strictly positive and locally Lipschitz continuous for all
w e Q.

2. For all x € X, the signal densities f(x,w) are strictly positive and C* in w €

int Q, and there is L > 0 such that, for all B,B' € B, w,w' € intQ, and x € X,

9% 1n f(x,w) 9% 1n f(x,w) 82 In f(z,w') /
Bopduy | =L and Topdog — Owndug | = Ljjw = wl.

~

3. The signal distributions P,, are continuous in w € ) with respect to the total

variation distance.

4. We have sup,cq [ (supycqn f(z,w'))? dP,(z) < co.

5. The Fisher information matriz I(w) € RE*B, given by

10 ([ g b feR@)

B,B'eB

is well-defined and positive definite for each w € w.

39We do not analyze separate sales, which in the current setting no longer reduces to single-good
monopoly, as the optimal price of each good g may depend on the prices of other goods. However,
Theorem 1 already shows that it cannot in general achieve the optimal rate of convergence.

10



The following result extends Theorem 1. Analogously to Section 3.1, conditional

on each buyer type w*, the seller’s posterior standard deviation about wg is approxi-
mated by ’\ﬁ at large n, where A+ := /19 - [(w*)~11C. Let A := E[A(w)].

Theorem C.2. Under the second-best mechanism and optimal bundling mechanism,

the revenue gap to the first-best revenue vanishes equally fast:

RFB _ RSB ., RFB _ pbd , ln_n

n n n :
We omit the proof, which is analogous to that of Theorem 1. In particular, as in
Appendix A.2, the seller’s posterior at large n can be approximated by a Gaussian
distribution whose mean is w,» € argmax g > In f(z;,w) and whose covariance

matrix is the inverse of

2

1<~ 0
Lo(@) i= == 32— In f(s;
v (w> < n i1 aWBaWB/ nf(gjl’W)) B.B'eB

evaluated at w = @,». To upper-bound RSB, we make use of a one-dimensional relaxed

problem as in Appendix A.1, which did not assume additive values.

C.3 Deterministic Setting with Non-Gaussian Beliefs

Extending the deterministic Gaussian environment studied in the main text, we con-
sider a setting where the seller has a general deterministic sequence of beliefs indexed
by n that converge to a point-mass on the true type 6*. Such beliefs can be inter-
preted as the outcome of the seller observing increasingly precise information that
need not take the form of n (i.i.d. or correlated) signal draws.

Formally, conditional on true type 6* € R'ﬂr, the seller’s belief at n is that the

—-1/2

buyer’s type is § = 6* +n~/2z, where z € RIl is drawn from a cdf F' that is continu-

ously differentiable and positive. For each B C G, let F'® denote the induced cdf of 17-
z. We impose the following tail conditions: There exist o™ (B),a™ (B), 7(B), 5 (B) >
0 such that, as z — oo,

1—FP(2) = exp[—a®(B)2"" B 1 o(z7" B,
and  FB(—2) = exp[—a~(B)(—2)" B 4 o(z# B®)].

11



These conditions rule out heavy-tailed distributions (i.e., whose moment-generating
function [ exp[tz]dF?(z) is infinite at all t). The Gaussian setting in the main text
corresponds to the case a™(B) = o™ (B) = Wlm))g and f7(B) = 7 (B) = 2, based
on the Gaussian tail bound in (9).

We restrict attention to deterministic mechanisms. Denote by R™*(6*) the seller’s
optimal expected revenue under IC-IR deterministic mechanisms (which can be rep-
resented as mixed bundling). Denote by R24(0*) the optimal revenue under (pure)

bundling. Denote by R"™(6*) := 3~ . 0 the first-best revenue.

Proposition C.1. Under the optimal deterministic mechanism and optimal bundling

mechanism, the revenue gap to the first-best vanishes equally fast:

RFB(9*) — R™X(9*) ~ RFB(9*) — Rbd(g*) - (ln—n) Ve n—1/2
" " 2a~(G) '

Thus, optimizing over pure bundling achieves the same convergence rate to the
first-best as optimizing over all possible deterministic mechanisms. This generalizes
our main insight that pure bundling is an effective mechanism under precise seller
beliefs, as using menus of bundles only allows for a negligible improvement relative to
pure bundling. The main qualification is that, unlike Theorem 1, Proposition C.1 does
not allow for stochastic mechanisms, whose analysis we leave as an open question.

Appendix C.3.1 first analyzes the single-good case. Appendix C.3.2 then proves
Proposition C.1.

C.3.1 Single-Good Case

We extend the intensive vs. extensive margin analysis from the Gaussian environment
in Section 4.2 to the current setting. Assume |G| = 1, so we can omit the dependence
of parameters a™, o™, 51,8~ on B. Denote by RX(6) the optimal revenue, which
is achieved by a posted price p). Let F,, denote the cdf of the seller’s belief, i.e.,
Fo(0) = F((0 = 67)v/n).

Generalizing Proposition 2, the following result shows that at large n, the seller
optimally sets prices in such a way that revenue losses relative to the first-best are

driven by the intensive margin, while the extensive margin becomes negligible. Write

a=ao, =0

12



Proposition C.2. Any optimal price sequence p}, satisfies

Inn\/?
R™P(0%) — Ry, ~ 0% — p}, ~ (—) n Y2 and  O*F,(p) =o ((In n)l/ﬁn—l/z) '

" 2a
Moreover, under any price sequence p, with 6* — p, ~ § (2—”)1/’3 ~12 for some
d €[0,1), we have lim, (HG)FJ% = 00.
Proof. Take any 6 > 0 and sequence of prices (p,) with 8* — p,, ~ § (2—”) VB 12,
Then by the tail conditions on F,
6P 8
F,.(p,) = exp ) Inn+o(lnn)| = n~ 'z o),
and thus
0*F,(pn) 0ifo > 1,
lim ——————— =
noo (Inn)Von=t2 ) o if 5 < 1.
Additionally, if 6% — p, = (%)1/’8 ~1/2 for all n, then limn% = 0, and
hence RFB(6%) — Ry (pn) ~ (22)"% n=1/2 where Ry (pn) := pu(1 — Fu(pn))-
Given these observatlons the remainder of the proof is analogous to that of Propo-
sition 2. [

C.3.2 Proof of Proposition C.1

Let (pn(B))pcg denote optimal mixed-bundling prices that yield R™*(6*), where
pn(0) = 0. Observe first that for any B C G with lim,, o p,(B) > 15 - 6%,

Prob[1% -0 — p,(B) > 17" .0 — p,(B'),YB' C G] < Prob[1? -6 — p,(B) > 0]
=1 — F?(n'?(pa(B) — 17 - "))

st (B) st (B)

—exp[—at(Byn 2 +o(n 2 )] =o(nt),

(21)

where the second equality uses the assumption on right-tail probabilities.

Write a = o~ (G) and 3 = 87 (G). To prove the proposition, note that R¥E(6*) —
RPA(6%) ~ (l;—a”)l/ﬁ n~1/2 follows from Proposition C.2. Suppose toward a contra-
diction that RFB(6%) — Rmx(g*) ~ (20)"7 =172 fails. Since RFB(6*) — R™xX(6%) <

13



RFB(0*) — RP4(0*) holds for each n by definition, we have

FB(p*\ _ ppmix g+
liminfR (6) — Ry™(0")

n—00 (m_n)l/ﬁ n-1/2
2a

<1 (22)

Observe by definition of R™*(6*) that

RB(0")—R™ (9*) = Z Prob(15-0—p,(B) > 1%-0—p,(B'),YB' C G] (1 - 0" — p,(B)).
BCG

(23)

190" —p(G) > 1 (iven (22)-(23), there exists B C

(lnin)l/ﬁnfl/z -

2

>
G such that liminf,_ ., Prob[1? - — p,(B) > 15" .0 — p,(B'),VB' C G] > 0 and
16’-9";%(3/)2 < 1. This contradicts (21).

(52)7"

. . G.or_
Consider the case lim inf,,_,~ WM < 1. Then
2a n-

Consider the case liminf,,_

liminf,

> pcg Prob[1% -0 —p,(B) > 17" .0 — p,(B'),VB' C G

lim inf
oo (1;1_n)1/5 n-1/2
Prob[1¢ -0 — p,(G) < 0
> liminf ro[l 1/Bp( ) < ]ZOO,
n—oo nn —
(3a) 2

where the equality uses the second part of Proposition C.2. But given (22)-(23),

there exists B C G such that liminf, .. PrOb[lB'GP’ZEfi;}/i -97:(3’),\73@0] > 0 and
Ba n-

lim inf,, o (1;0;17% < 1. This contradicts (21).
2c
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